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DECOMPOSITION RANK OF APPROXIMATELY 
SUBHOMOGENEOUS C*-ALGEBRAS 
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Abstract. It is shown that every Jiang-Su stable approximately 
subhomogeneous C*-algebra has finite decomposition rank. This 
settles a key direction of the Toms-Winter conjecture for simple ap¬ 
proximately subhomogeneous G*-algebras. A key step in the proof 
is that subhomogeneous C*-algebras are locally approximated by a 
certain class of more tractable subhomogeneous algebras, namely, 
a non-commutative generalization of the class of cell complexes. 
The result is applied to show finite decomposition rank for crossed 
product G*-algebras associated to minimal homeomorphisms with 
mean dimension zero. 


1. Introduction 

Kirchberg and Winter defined the decomposition rank of a C*-algebra, 
marrying the topological concept of Lebesgne covering dimension with 
the fnnctional-analytic ideas of nnclearity and qnasidiagonality. This 
notion snbseqnently gained cnrrency, particnlarly in the programme 
of classifying C*-algebras, where finite decomposition rank has been 
shown to imply strong strnctnral conditions on a C*-algebra [2112S1 

SSIIITIIIE]. 

The concept of decomposition rank is now enshrined in the so-called 
Toms-Winter conjectnre abont simple, separable, nnital, nnclear, fi¬ 
nite C*-algebras, which says, in particnlar, that finite decomposition 
rank and tensorial absorption of the Jiang-Sn algebra ( 2 ) should be 
equivalent for such C*-algebras. At the time that this conjecture was 
made ([121 Remark 3.5]; see also [ID]), the only evidence in support of 
the component “21-absorption implies finite decomposition rank” came 
very indirectly from classification. For example, Lin’s classification I2D1 
implies that simple, separable, nnital, nuclear, ^-stable C*-algebras 
which satisfy the UCT and rationally have tracial rank at most one 
have decomposition rank at most two. A more general classification 


2010 Mathematics Subject Classification. 46L35, 46L05, (46L06, 46L85). 

Key words and phrases. Nuclear C*-algebras; decomposition rank; nu¬ 
clear dimension; approximately subhomogeneous C*-algebras; Jiang-Su alge¬ 
bra; 2^-stability; Toms-Winter conjecture; non-commutative cell complexes; 
semipro j ectivity. 


1 



2 


G. A. ELLIOTT, Z. NIU, L. SANTIAGO, AND A. TIKUISIS 


result, due to Gong, Lin, and one of us (Z.N.), continues to imply fi¬ 
nite decomposition rank for the larger class of C*-algebras in which 
rational tracial rank one is weakened to rationally tracially approxi¬ 
mated by point-line algebras [H]. 

The problem of showing directly that 2^-absorption implies hnite 
decomposition rank (and in particular, avoiding appealing to simplicity 
or the UCT) has proven a pivotal problem, which has spurred the 
introduction of novel techniques in two very different streams of attack. 

On the one hand, for non-simple C*-algebras of a very particular 
form—namely, algebras C{X)^Z (and by permanence properties, also 
limits of C*-algebras Morita equivalent to these)—a direct computa¬ 
tion, giving decomposition rank at most two, was obtained by one of 
us (A.T.) and Winter [30], using quasidiagonality of the cone over O 2 , 
together with a one-dimensional approximation result inside C(y) ® (^2 
due to Kirchberg and Rprdam [IB]. (The present paper uses this re¬ 
sult.) On the other hand, for simple, quasidiagonal C*-algebras, tech¬ 
niques inspired by—and building on—Connes’s proof that injective von 
Neumann algebras are hyperhnite have been developed by Matui and 
Sato in the unique trace case [26], and subsequently by Bosa, Brown, 
Sato, Tikuisis, White, and Winter in the case of compact extreme trace 
space (where the hypothesis of quasidiagonality needs to be strength¬ 
ened slightly) PP (see also [3H])- For the class considered in [T|, the 
optimal decomposition rank estimate of one was proven. 

The present article builds on the ^-stabilized commutative case dealt 
with in jinj, showing how to replace the algebra C(X) by an arbitrary 
subhomogeneous algebra, i.e., a C*-algebra for which there is a hnite 
bound on the (Hilbert space) dimension of its irreducible representa¬ 
tions. The main result is as follows. 

Theorem A. Let A be a locally subhomogeneous, Z-stable (T-algebra. 
Then dr A < 2. 

This result is novel even in the case of simple, unital, separable, lo¬ 
cally subhomogeneous, Z-stable C*-algebras. With this result, it is now 
possible to prove that such C*-algebras are classihable; more on this 
below. The class of simple locally subhomogeneous C*-algebras is very 
broad: it is known to include many natural examples (see the introduc¬ 
tion to 011), it exhausts the range of the Elliott invariant [6]. There 
are no simple, separable, nuclear, stably hnite C*-algebras which are 
known to he outside the class of locally subhomogeneous C*-algebras. 

While there is some overlap between the class of C*-algebras in this 
theorem and in the result of [T] (namely, all simple, locally subhomo¬ 
geneous algebras with compact extreme trace space), the two results 
mostly complement each other. The present theorem allows non-simple 
C*-algebras, and even in the simple case, allows C*-algebras with non¬ 
compact extreme trace space. On the other hand, the result of [T], 
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where it applies, gives an optimal bound of one instead of two for 
the decomposition rank. (Also, the result in [1] holds under (poten¬ 
tially) much weaker hypotheses than local subhomogeneity—not even 
the UCT is required.) 

In a striking application of our main result, we show in Section|^that 
it applies to the UHF-stabilization of a minimal Z-crossed product, by 
using an argument involving Berg’s technique. Using this result, Lin 
has shown that ^-stable minimal Z-crossed products are classihable 
m, this includes all crossed products given by minimal homeomor- 
phisms with mean dimension zero by [9]. 

Our proof of Theorem consists of two major steps. The hrst step 
consists in proving the following result, which is perhaps of independent 
interest. 


Theorem B. Let A be a unital subhomogeneous (T-algebra. Then A 
is locally approximated by non-commutative cell complexes. Moreover, 
when A is separable, the topological dimension of the approximating 
non-commutative cell complexes is egual to the topological dimension 
of A. 


The non-commutative cell complexes in this result, dehned formally 
in Section |2.1[ are special subhomogeneous algebras, akin to the non- 


commutative CW complexes of Eilers-Loring-Pedersen, though slightly 
more general for technical reasons. As the name suggests, they arise by 
gluing together matrix algebras over spaces along the boundaries 
5'"’“^. What is most important here is that the boundary is a 

neighbourhood retract in D"^. 

The topological dimension of a separable subhomogeneous C*-algebra 
measures a sort of dimension of its primitive ideal space, and agrees 
with the decomposition rank of the C*-algebra; see Dehnition 1.3 


Theorem is a non-commutative analogue of the result that n- 
dimensional compact metrizable spaces are inverse limits of hnite n- 
dimensional CW complexes. Just as CW complexes form a class of 
spaces that are amenable to deep analysis, so too are the non-commu¬ 
tative cell complexes of Theorem Their tractable structure allows 
them to be used to prove Theorem]^ The author A.T. has also made 
use of Theorem in an argument that shows that C{X, Q) is not 
locally approximated by subhomogeneous C*-algebras of topological 
dimension less than the dimension of X, where Q is the universal UHF 
algebra [39] . 

Generalizing the result that cell complexes are absolute neighbour¬ 
hood retracts, we demonstrate that our non-commutative cell com¬ 
plexes satisfy a restricted semiprojectivity condition (Theorem 2.12); 
this condition then plays a key role in the proof of Theorem From 
the proof that a subhomogeneous C*-algebra is locally approximated 
by non-commutative cell complexes, ideas are borrowed to also prove 
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that any W-stabilized, locally subhomogeneous C*-algebra is an indnc- 
tive limit of point-line algebras (Theorem 2.20[ ), where W is the stably 
projectionless C*-algebra stndied in inii this resnlt bnilds on the case 
of C(X) 0 >V, which was handled by one of ns (L.S.) in [HTj . 

The second step in proving Theorem is to show that the Z- 
stabilization of a non-commntative cell complex has decomposition 
rank at most 2. In fact, in this part, we are able to directly rednce 
to the problem of the decomposition rank of 0-stabilized commnta- 
tive C*-algebras (which was solved in [IQ]), by tnrning colonred c.p.c. 
approximations (as in the dehnition of decomposition rank) of cer¬ 
tain commntative C*-algebras into colonred c.p.c. approximations of 
non-commntative cell complexes (Theorem 3.1). The commntative C*- 
algebras arise in a sort of mapping cone constrnction involving the 
eigenvalne patterns of the glning maps. The cell strnctnre is absolntely 
essential, as it allows ns to relate these non-commntative C*-algebras 
to snch commntative algebras. 

The latest resnlts concerning particnlar valnes of the decomposition 
rank snggest that the only possible valnes in the simple case are 0,1, 
and cx) (to be precise, this is what is shown in [1] in the case of compact 
extreme tracial bonndary). It is nnclear whether the npper bonnd of 
two, proven here, is optimal for non-simple, 0-stable, locally snbho- 
mogeneous C*-algebras. Onr resnlt shows, however, that this depends 
pnrely on whether a better bonnd can be fonnd for C(X) 0 Z. That 
is, if the bonnd of two fonnd in m is improved to one (which wonld 
be optimal, since decomposition rank zero implies AF), then the same 
estimate applies to 0-stable, locally snbhomogeneons C*-algebras. 

Bnilding on the resnlts here, the anthors G.A.E. and Z.N., in collab¬ 
oration with Gnihna Gong and Hnaxin Lin, have gone on to prove that 
simple, separable nnital, 0-stable, locally snbhomogeneons G*-algebras 
are rationally tracially approximated by point-line algebras [H], and 
are thereby classihed by the resnlts of [H]. Their resnlt depends on 
both Theorems and It follows that every simple, separable, nni¬ 
tal, 0-stable, locally snbhomogeneons G*-algebra is an indnctive limit 
of snbhomogeneons G*-algebras of topological dimension at most two 
(this does not constitnte an alternative proof of Theorem since it 
nses said theorem). 
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1.2. Preliminaries and notation. Let A be a C*-algebra. Denote 
the positive cone of A by A+. For a,b G A and e > 0, write a 6 to 
mean ||a — 6|| < e. If J^,B G A with fF hnite, and e > 0, write fF B 
to mean that for every a & F", 

(1.1) dist(a, B) < e. 

For a unital C*-algebra A, let U{A) denote the unitary group. Write 
for Mm{C) and Um for U{M^(C)). 

If A, B are unital C*-algebras, let us consider Hom(A, R), the space 
of unital *-homomorphisms from A to R, with the point-norm topology. 
Provided that A is separable, this topology on Hom(A, R) is metrizable. 

For a compact Hausdorff space X, there is a one-to-one correspon¬ 
dence between Hom(A, C(X, R)) and C(X, Hom(A, R)), defined as fol¬ 
lows. For (f) e IIom(A, C(X, R)), dehne 0 G C(X, IIom(A, R)) by 

(1.2) := 0(a)(x), a; G X, a ^ A. 

Thus, if y is a closed subspace of X and ry: C(X, R) —)■ C(y, R) 
denotes the restriction map, then for 0 G Hom(A, C(X, R)), 

(1.3) (ry O 0) = 0|y. 

Definition 1.1 ([IS]). Let A he a (7-algebra and let n eN. One says 
that the decomposition rank of A is at most n (in abbreviated form, 
dr A < n) if, for every finite subset F of A and every e > 0, there exist 
finite dimensional CT-algebras Fq, ... ,Fn and c.p.c. maps 

(1.4) A A Ro © • • • © A A 

such that is orthogonality preserving (also called order zero), and 
0('^(a)) a for every a E F. 

Definition 1.2. A C7-algebra A is subhomogeneous if there is a 
finite upper bound on the dimension of the irreducible representations 
of A. 

Let A be a subhomogeneous C*-algebra and denote by Prim(A) the 
space of primitive ideals of A with the hull-kernel topology (see [2H1 
Chapter 3]). Then the subset 

(1.5) Prim<fc(A) := {kervr | tt G IIom(A,Mfc/) is irreducible, k' < k) 
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is a closed subspace of Prim(y4). Moreover, 

(1.6) Primfc(A) = Prim<fc(y4)\Prim<fc_i(y4) 

is a Hausdorff subspace of Prim(y4), and the subquotient 

( 1 - 7 ) 

is a fc-homogeneous C*-algebra (i.e., every irreducible representation 
has dimension exactly k). (To dehne ^|prinu,(A), recall that closed sets in 
Prim(74) correspond to ideals, in a containment-reversing fashion; thus, 
^ I Prim*. (A) is the quotient of the ideal corresponding to Prim<fc_i(74) by 
the ideal corresponding to Prim<fc(74).) 


Definition 1.3. If A is a separable subhomogeneous (T-algebra then 
the topological dimension of A refers to the value 

(1.8) maxdimPrimfc(y4). 

k 


We stick to the separable case in the above dehnition, due to the 
following subtlety in the non-separable case: If a locally compact Haus¬ 
dorff space X is not second countable, the nuclear dimension of Cq{X) 
is not equal to the covering dimension of X. If the dehnition of 
Lebesgue covering dimension is modihed by replacing “an open set 
of X” by “a set of the form f~^{U) where / G Co(X, M) and f/ C M is 
open,” then the resulting notion of “dimension” of X agrees with the 
nuclear dimension of Cq{X). This notion of dimension would also be 


the correct one to use in Dehnition 1.3, in order for, say Theorem 1.4 
to generalize to non-separable algebras. 

Rob Archbold pointed out to us the following connection to the prim¬ 
itive ideal space (as a topological space without additional structure). 
Brown and Pedersen gave another dehnition of topological dimension 
in [21 2.2 (v)], valid for any C*-algebra, which agrees with the dehnition 
just given in the subhomogeneous case, by [21 Proposition 2.4]. Inci¬ 
dentally, this shows that the topological dimension is a function of the 
primitive ideal space—although it is not the covering dimension of the 
primitive ideal space. 


Theorem 1.4 ([IS]). If A is a separable subhomogeneous (T-algebra 
then the topological dimension, nuclear dimension, and decomposition 
rank of A coincide. 


As pointed out above, separability is not needed, provided that topo¬ 
logical dimension is dehned appropriately in the non-separable case. In 
Corollary 3.21, we give an alternative proof of this theorem. 


Definition 1.5. Let C be a class of (A-algebras and let A be a C*- 
algebra. Let us say that A is locally approximated by (algebras in) 
C (or simply, locally C) if, for every finite subset X of A and every 
e > 0, there exists a subalgebra CCA such that C & C and X Ce C. 
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In particular, locally subhomogeneous means locally approximated 
by the class of subhomogeneous C*-algebras. 

Here is a well-known result which is clear from the dehnition of de¬ 
composition rank. 


Proposition 1.6. If A is locally approximated by a class C then 

(1.9) dr(H) < supdr(C). 

cec 

Pull-backs exist in the category of C*-algebras, and in many places 
we shall use an explicit realization of them, which we describe now. 
Let A,B,C be C*-algebras and let a: A ^ C, (I: B ^ C he *-homo- 
morphisms. Set 

(1.10) D := {{a,b) e A (B B \ a{a) = /3{b)}, 

and let 71 a. D ^ A and ttb'- D —B denote the hrst and second 
coordinate projections. Then 


( 1 . 11 ) 


D^A 


7TB 


a 


B^C 


is a pull-back diagram. 


2. Non-commutative cell complexes 

Non-commutative cell complexes are introduced in this section, and 
it is shown that all subhomogeneous algebras can be locally approxi¬ 
mated by these. This result can be viewed as a (non-commutatively) 
generalized—though weakened—version of the result that n-dimension- 
al compact metrizable spaces are inverse limits of n-dimensional sim- 
plicial complexes. In particular, as in this topological result, our result 
has the feature that the topological dimension of the approximating 
subalgebras is controlled by the dimension of the given subhomoge¬ 
neous algebra. 

With regard to how it is weakened, the (non-commutative) result is 
more like saying that ?7,-dimensional compact metrizable spaces are in¬ 
verse limits of n-dimensional cell complexes. As with the commutative 
case, the result provides building blocks for (approximately) subho¬ 
mogeneous algebras that are much more tractable and amenable to 
further analysis (e.g.. Theorem a El El Eg ), compared to general 
subhomogeneous algebras—or even to Phillips’s recursive subhomoge¬ 
neous algebras. 

In proving this approximation theorem, a key result is that non- 
commutative cell complexes are semiprojective with respect to C*- 
algebras of the form C(X, M^), for any fixed m G N. This result 
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is a generalization of the classical fact that hnite cell complexes are ab¬ 
solute neighbourhood retracts; recalling the fact that a compact Haus- 
dorff space X is an absolute neighbourhood retract if and only if C(X) 
is semiprojective with respect to the class of unital commutative C*- 
algebras, we see that this classical result is the special case that the 
non-commutative cell complex is commutative and m = 1. In fact, the 
proof of the new semiprojectivity result is inspired by the proof in the 
classical case (see [IHl Appendix A], particularly Corollary A. 10, which 
deals with CW complexes, although the arguments work for hnite cell 
complexes). The classical proof entails showing (i) that cell complexes 
embed into Euclidean space (equivalently, they have hnite topological 
dimension) and (ii) that cell complexes are locally contractible. Then 
m Theorem A.7] implies that they embed into Euclidean space as 
neighbourhood retracts, which implies that they are absolute neigh¬ 
bourhood retracts. 

Here, using the correspondence between *-homomorphisms A —)• 
C{X,Mm) and continuous maps X —)■ Hom(A, M^), the semiprojec¬ 
tivity result is equivalent to showing that Hom(A, Mm) is an abso¬ 
lute neighbourhood retract, and as in the classical case, we appeal 
to m Theorem A.7], requiring us to show that Hom(A, M^) has h- 
nite topological dimension and is locally contractible. Showing that 
Hom(A, Mm) is finite dimensional is fairly straightforward. Showing 
that it is locally contractible is somewhat more involved, although the 
idea behind the commutative case underpins even that argument. 


2.1. Definition of non-commutative cell complexes. Non-com- 
mutative cell complexes are defined as recursive subhomogeneous alge¬ 
bras (as in [nH Dehnition 1.1]) for which the gluing pairs are always of 
the form C Here is a formal dehnition. 


Definition 2.1. The class of (unital) non-commutative (NC) cell 
complexes is the smallest class C of (T-algebras such that: 

(i) every finite dimensional algebra is in C; and 
(a) if B eC, k,n eN, 0: H —)■ M^) is a unital *-homomor¬ 

phism, and A is given by the pull-back diagram 


(2.1) A- ^C{D^,Mk) 

B^C{S^-\Mk), 

<p 

then A E C. 


Remark 2.2. (i) Of course, every NC cell complex can be constructed by 
hnitely many iterated pull-backs as in (2.1). The topological dimension 
of an NC cell complex is precisely the largest value of n such that 
appears in one of these pull-backs. (Note that one need not take the 
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minimum over all possible decompositions, since if at one stage, 
appears, then the algebra at this stage is a quotient of the hnal algebra, 
and its topological dimension is at least n.) 

(ii) A commutative C*-algebra is an NC cell complex if and only if 
it is isomorphic to C{X) for some hnite cell complex X. 

(hi) The dehnition of NC cell complexes is closely related to the 
dehnition, due to Eilers-Loring-Pedersen, of NCCW complexes [3 Sec¬ 
tion 2.4]: all NCCW complexes are NC cell complexes, although the 
converse does not hold (see example below). 

It is not hard to see that all NC cell complexes of topological dimen¬ 
sion at most one are, in fact, one-dimensional NCCW complexes (these 
have elsewhere been called point-line algebras and occur prominently 
in the classihcation results of [H] and [M])- This fails, even in the 
commutative case, in dimension two. 

For example, let a: 5^ —)■ be a space-hlling curve, and then dehne 

X by the push-forward diagram 

( 2 . 2 ) 

^ S\ 

so that X is a (hnite) cell complex (i.e., C(X) is an NC cell complex) 
but not a CW complex (i.e., C(X) is not an NCCW complex—since 
every commutative NCCW complex is equal to C(X) for a CW complex 
X). 

2.2. Basic facts about Hom(A, M^). In preparation for the proof 
of our semiprojectivity result for NC cell complexes, we will prove a 
number of results about IIom(A, M^), particularly applicable when A 
is subhomogeneous. 

A hnite dimensional representation of a C*-algebra decomposes as 
a direct sum of irreducible representations; we introduce notation to 
keep combinatorial track of such decompositions. 

Fix m G N. Dehne 

Tm ■ {oi (^1) Cll) • • • ) kp^ ^p) ^ ^>0 I 

(2.3) p eN and kiai kpUp = m}. 

Let A be a unital C*-algebra. Then for a = {ki,ai,... ,kp,ap) G 
Tm, u G Um, and tt, G Hom(A, for i = 1,... ,p, dehne 

cLa,n,(7ri,...,7rp) := Ad(M) o diag(7ri (g) ... ,7rp 0 1„J,) 

(2.4) GlIom(A, Mm). 

For a = {ki,ai,... ,kp, ap) G Tm, dehne 

Ha • ,..., 7 rp) |n G Um and 

TTj G IIom(A, Mk^) for i = 1,... ,p]. 


(2.5) 
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and let denote the subset of Ha consisting of those o'a,u,{iTi,..., 7 Tp) for 
which vTi, ..., TTp are mutually inequivalent, irreducible representations. 
For a C*-algebra A which is not assumed to be unital, use Homi(y4, M^) 
to denote the set of *-homomorphisms whose image contains the unit 
(this coincides with Hom(yl, M^) if A is unital), and dehne cra,u,(TTi,...,np), 
Ha, and as in the unital case, with llomi{A,Mm) in place of 

Hom(y4, Mm)- 

Proposition 2.3. Fix a = {ki, oi ,... ,kp, Op) G Tm and a unital CT - 
algebra A. Then the map Um x Hom(A, x ■ ■ ■ x Hom(74, Mj.^) —>■ 
Hom(y4, Mm) given by 

(2.6) ("U, VTi, . . . , TTp) I 0'a^u,{iTi,...,TTp) 

is continuous. 

Proof. Obvious. □ 

Lemma 2.4. Let A be a CT-algebra. Fix a = (fci, oi ,... ,kp, Op) G Tm, 
and fix pairwise ineguivalent irreducible representations vr* G Homi(74, 
for i = 1,... ,p. Then for m, n G Um, 


(2.7) 




if and only if uv* is approximately contained in 


(2.8) U(h, ^Ma,e---elkp^ Map) = Ifci ® © • • • © hp © Uap- 


To be more precise: 

(i) Given H <Z A finite and e > 0, there exists 5 > 0 such that if 
M, v G Um and 


(2.9) d(uv*, Ifci © f/ai © • • • © Ikp © Uap) < S 


then 


( 2 . 10 ) a'a,u,(ni,...,TTp)(a) ~e a'a,v,(ni,...,TTp)(a) 

for all a G H; and 



Proof. Note that, by (2.4), 


(2.13) 



is equivalent to saying that 

(2.14) ||[MT*,diag(7ri(a) © l«i,... ,vrp(a) © l«p)]|| < e. 
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(i): Given T finite and e > 0, set M := 


(2.15) 



Then if n, n G Um and 


niaXag_F ||a|| and then 


(2.16) UV* ^5 W e Ifci ® © • • • © Ifcp © Uap, 

then for a E A, 


MnMiag(7ri(a) © , 7rp(a) © 

wdiag(7ri(a) © 

lai 5 • • • 5 ® lap) 

= diag(7ri(a) © ... ,7ip{a) © 

(2.17) ^e /2 diag(7ri(a) © .,7ip{a) © lap)uv*, 


as required. 

(ii): On the other hand, suppose we are given e > 0. Since being a 
unitary is a stable relation, it suffices to hnd and 5 > 0 such that, 
instead of (2.12), we have 

(2.18) 


d{uv\ Ifci © © • • • © Up © Mo 


< e. 


By our hypothesis on tti, 
that the set 


, TTp, we may choose <Z A hnite such 


(2.19) {diag(7ri(a) © lap 7 • • • 7 ® lap ) I a G J-} 

generates 

(2.20) D := Mfc, © lo, © • • • © Mkp © la^ 

as a C*-algebra. Therefore (and using the fact that D is hnite dimen¬ 
sional), we may pick 5 > 0 so that if w is unitary and 

(2.21) ||[r(;,diag(7ri(a) © l^,,... ,7rp(a) © lop)]|| < 6 
for every a E J- then 

(2.22) IIKa:lll<t 

for every contraction x E D. By applying the conditional expectation 
onto 

(2.23) M^ n D' = Ifc, © Mo, © • • • © Up ® Mo^, 
we see that this implies that 

(2.24) d{w, Mm n D') < e, 

as required. □ 

Proposition 2.5. Let a = {ki, oi ,... ,kp, ap), (3 = (Zi, /Si,..., Iq, (3q) E 
Tm- The following statements are equivalent: 

(i) Ha ^ Hg; 
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(a) There exists S G Mp^qiN) such that 

/h\ /h\ /Pi\ /«! 

( 2 . 25 ) : = 5 : and : = 5 *" : 

\kp/ \lq/ \/3q/ \ap 

If is non-empty, then these are also equivalent to 
(Hi) n Hp 0. 

Also, Ha = Hp if and only if p = q and there exists a permutation p 
on {1,... ,p} such that 

( 2 . 26 ) ki = and ai = f3p(^i) 
for all i = 1,... ,p. 

Proof. Straightforward. □ 

Proposition 2.6. Let A be a CT-algebra. Then Homi(yl, M^,) = 

I I //pure 

Proof. Obvious. □ 



2.3. Dimension of Hom( A, Mm). 

Lemma 2.7. Let A be a unital separable subhomogeneous C-algebra 
such that ^|primj,(A) is locally trivial for each k. Let m E N. Then there 
exist q and a finite increasing sequence of sets, 

(2.27) 0 = Zq C Zi C ■ ■ ■ C Zq = Hom(2l, Mm) 
such that: 

(i) Zi is closed for each i; and 

(a) For each a G Zi\Zi_i, there exists a neighbourhood W of a in 
Zi\Zi_i (that is, W is relatively open in Zi) which is homeomorphic to 

(2.28) V X Wi X ■■■ X Wp 
where 

(a) V = Um/G where G is a Lie subgroup of Umi 

(b) p < m; and 

(c) For eachi = 1,... ,m', Wj is a relatively open subset o/Primfc(y4) 
for some k. 


Proof. Consider the equivalence relation ~ on Tm given by a ~ if 
Ha = H^. Enumerate one representative for each equivalence class as 
a ^,..., G Tm, in such a way that for each i,j, if Hat C Haj then 
i < j. Then, dehne 


(2.29) 


Z^:=[JHa 

j<i 


Since Um and Hom(yl, M^) are compact spaces, Proposition 2.3 
plies that Ha is closed for each a. Consequently, Zi is closed. 


im- 
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By Propositions |2.5| and |2.6[ 

(2.30) = H^r. 


So, in order to establish (ii), we mnst show that every element of 
has a neighbonrhood in i/P™® of the form described in (ii). 

For this, £x a = (fci, ai,... ,kp, Up) and let (Ta,u,{TTi,...,np) £ For 

each i, let Wi be a neighbonrhood of [vTj] in Prim^A^) snch that A\wi 
is trivial, and snch that Wi n bF,- = 0 whenever i ^ j. Since A\wi is 
trivial, let Wi C Aom.{A,Mk^) be snch that vrj G Wi and vr ha [tt] is a 
homeomorphism from Wi onto W^. 

Wi being open in Prim^. (A) means that Wi U Prim>fc. (A) is open in 
Prim(74). Using the fact that A is separable, we may therefore find 
ai & A snch that, for each irredncible representation vr of A, 7r(aj) = 0 
if and only if [vr] G Prim<fcA^)\bF. Set 


(2.31) U := U^/(U, 0 © • • • © U, 0 f/„J. 

Define 


(2.32) W := {o-a,v,(7ri,...,7rp I H ^ U, tt' G Wi for alH = 1,... ,p}. 

Let ns hrst show that lU is a neighbonrhood of cra,u,( 7 ri,...,Trp) in 
Let o-a,v,(7r{,...,n'p) ^ be close to If it is close enongh, 

then 


(2.33) 

and therefore, for some j, [tt'] G IFj. By the pigeonhole principle, 
permuting indices, we may assume that [tt-] G Wi for each i. Replacing 
TT- by a unitarily equivalent homomorphism (altering v in the process), 
we may then assume that vr' G Wi for each i. 

This concludes the proof that IF is a neighbourhood of o'a,u,{-Ki,...,-Kp)- 
Now dehne $: F x IFi x ■ ■ ■ x Wp —IF in the obvious way, by 


(2.34) 


<F([n], <,..., tt') 


= CTn 


This is continuous by Proposition |2.3[ and it is clearly surjective. Since 
the sets IFi,..., Wp are disjoint, and by Lemma 2.4, <F is also injective. 
Let us show that that 


<F is open. Suppose that cra,?;,( 7 rp,.., 7 rp ~ 
Tlieu tile argument for why IF is a neighbourhood of 
c’‘a,w,( 7 ri,..., 7 rp) shows that, up to a permutation, we have vr' 


VT' 


for all 


i. 


Thus 


(2.35) 


(Tn 




(Jn 


SO by Lemma 2.4, vw* is approximately contained in © Ua^ © • • • © 
Ifcp © Uap, i.e., [n] ~ [w] in V. This shows that <F is open. 

Since IFi is homeomorphic to Wi, we conclude that W is homeomor- 


phic to F X IFi X • • • X Wp, as required. 


□ 
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Corollary 2.8. Let A be a unital separable subhomogeneous CL-algebra 
of finite topological dimension, and let m eN. Then }lom{A, Mm) has 
finite dimension. 


Proof. Suppose that A has topological dimension at most n, so that 
Primfc(y4) has dimension at most n for each k, and hence by [311 Theo¬ 
rem 2.16], it satishes the hypotheses of Lemma 2.7 Note also that any 
quotient of Um by a Lie subgroup has dimension at most mf. From 
Proposition 2.7| and standard permanence properties for dimension, it 
follows directly that 


(2.36) 


dimHom(yl, Mm) < m^n^' 


□ 

2.4. Local contractibility of Hom(A, Mm)- To outline the argument 
here, consider the purely commutative case: Hom(y4, C) where A is 
commutative (note that Hom(C(X),C) = X). In order to show that 
a cell complex is locally contractible, one may use induction, show¬ 
ing that any point on the boundary of a newly-attached cell has small 
neighbourhoods, each of which can be retracted to a contractible neigh¬ 
bourhood of the old complex (see m Proposition A.4] and its proof). 
This is the idea behind showing that Hom(y4, Mm) is locally contractible 
when A is a non-commutative cell complex, although even in the case 
that A is commutative, the argument is more complicated: if A = 
C(y), then homomorphisms from A to Mm are parametrized by an m- 
tuple of points in Y together with a unitary u G Mm (each homomor¬ 
phism is the direct sum of point-evaluations, conjugated by a unitary), 
so part of the argument is that the space of m-multisets of points in 
Y is locally contractible. For more general non-commutative cell com¬ 
plexes, we have a similar picture, but with “points in Y” replaced by 
irreducible representations. These need to be handled carefully, chiefly 
because of the non-Hausdorff nature of the space of irreducible repre¬ 
sentations. 

The result, in the case that A is commutative (or a matrix algebra 
over such), turns out to be a necessary stepping stone to the overall 
result, and we prove this special case now. Recall that Homi(A,Mm) 
denotes the space of *-homomorphisms whose image contains the unit. 
We recall from topology that a deformation retraction of a space X 
onto a subspace R is a continuous function 

(2.37) r = (ri)ig[o,i]: [0,1] x X —>■ X 

such that ro = id^, ri{X) = Y, and ri|y = idy. Thus, a space X 
is contractible to a point Xq exactly when there exists a deformation 
retraction from X to {xq}. 
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Lemma 2.9. Let X be a locally compact Hausdorff space. If X is 
locally contractible then so also is Homi(Co(X, M^), Mgk) for any k,s E 

N. 

Proof. Using a := (1,1,..., 1,1) G note that Honii(Co(X, M^), Mgk) 
Ha. To keep notation more concise, write 

(2.38) d'u^^xi,...,xs) • ^Q,tt,(ev2,j,...,eva;g) ^ Hom]^(C q iU/j), ilL^^) 
for Xi,... ,Xs E X and u E Ugk- 

Consider a point a = d'u,{xi,...,xs) ^ Homi(Co(X, M^), Choose, 

for each x E {xi,... ,a;s}, an arbitrarily small contractible neighbour¬ 
hood 14 of X, such that 14nl4 = 0 whenever x ^ y. Fix a deformation 
retraction ax'. [0,1] x 14 —)■ 14 of 14 onto {x}, (Note that, by our choice 
of notation, if Xi = Xj then 14^ = 14^- and Ux^ = oixy) Let e > 0 be 
small (to be determined). 

Dehne IJ C Ugk x X^ to consist of those points (n, (i/i,... ,ys)) for 
which there exist a unitary u' E Ugk such that 

(i) O' 0^1 ^(^xi,...,Xs)-i 

(ii) ||n — u'W < e; and 

(iii) yi E 14. for each i. 

The set 

(2.39) 

U := G Homi(Co(X,Mfc),M^fc) | (n, (i/i,..., i/4) eU} 

is an open neighbourhood of a, and by making 14 ,..., 14 and e small 
enough, we make this neighbourhood arbitrarily small. 

Dehne W C Usk x X* to consist of those points (n, (xi,..., Xs)) for 
which there exist a unitary u' E Usk such that 

(0 o^ d'u\(xi,...,xs)^ and 
(ii) ||n — u'W < e, 
and set 

(2.40) _ 

W := e Homi(Co(X, Mfc),Msfc) | (n, {xi,.. .,Xs)) E W}. 

Dehne /3 = (44 : [0,1] x U —)■ U as follows. Given (n, {yi,... ,ys)) E 
U, dehne 

(2.41) ^t{v,{yu...,ys)) = {v,{ax,{t,yi),... ,axXt,ys))), 
where we recall that ax is a deformation retract of 14 onto {x}. It is 
not hard to see that 4 is a deformation retraction of U onto W. It 
is also not hard to see that, via the surjection U ^ U, ft induces a 
continuous map 4 • [0,1] x U -E U, which is therefore a deformation 
retraction of U onto IF. 

Next, dehne IF C Ugk x to consist of those points (n, {xi,..., Xg)) 
such that ||n — m|| < e. Note that a induces a homeomorphism of IF 
onto IF. 
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For unitaries u,v and t G [0,1], define 

(2.42) Xt{u,v) := tu + {1 — t)v. 

If u and V are snfficiently close then Xt{u,v) is invertible, and we may 
define 

(2.43) 0t{u,v) := Xt{u,v){Xt{u,v)*Xt{u,v))~^^^, 

which is unitary. Thus {9{u, n))tg[o,i] is a path of unitaries from u to v. 
For (n, (ti, ..., Xg)) G W, dehne 7 = (yt): [0,1] x hF —)■ hF by 

(2.44) 7 t(n, (ti, ..., t,)) = (^^(m, n), (ti, ..., a;*)) 

(assume e is sufficiently small so that 9t{u,v) is always dehned.) This 
is a deformation retraction of hF onto {(n, (ti, ..., t^))}, so by the 
homeomorphism hF —)■ hF, we obtain a deformation retraction 7 of hF 
onto {a}. 

Combining the deformation retracts (3 and 7 provides a deformation 
retraction of U onto {a}, as required. □ 

The next lemma generalizes the commutative argument that, for 
points on the boundary of a cell attached to a cell complex, every 
relative neighbourhood in the old cell complex is a deformation retract 
of a neighbourhood in the enlarged cell complex. This lemma does not, 
in itself, imply that Hom(A, Mm) is locally contractible when A is an 
NC cell complex, since a ^-homomorphism A —)■ Mm can contain a mix 
of irreducible representations from the boundary of the new cell, the 
interior of the new cell, and purely from the old NC cell complex. 

We continue to use Homi (A, Mm) to denote the set of *-homomorphisms 
A —)■ Mm whose images contain the unit of Mm- 


Lemma 2.10. Let A be given by the pull-back diagram 


(2.45) 


.4—C’„(Xx[0,l),i\4) 

/'^/lxx{0} 

B - ^C{X,Mk), 


where B is a unital (T-algebra and (p is a unital *-homomorphism. Let 
U be an open set in llom{B,Mm)- Then there exists an open set V in 
Homi(yl, Mm) such that 

(2.46) U oX = Vr]{Rom{B,Mm)oX), 

and this set is a deformation retract ofV. 

Proof. To keep notation more concise, for I G hi such that Ik < m, 
denote 


ai := ( 1 , 1 ,..., 1 , 1 , m - kl, 1 ) G Tm 


( 2 . 47 ) 
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(where 1,1 appears I times), and for Ti,...,Ti G X x [0,1), tib G 
, Mm-ki), and u G Um, denote 

= Ad(M) o diag(ev^, op,..., ev^^ o p, ttb o A) 

(2.48) G Homi(7l, Mm). 

Define 

& := {(u, (xi,, xi), 71 b) \ l e N, 71b e Hom(5, Mm-ki), 

(2.49) Xiy... j Xi G X, u G Dm) ^u,({xi,o),...,{xi,o)),ttb G D o a}. 

Note that 


(2.50) C!'ai,u,{evxiO<l>,...,evx^o<f>,TTB) O A, 

where o■„,,^^,(ev,,o</,,...,ev,,,o 0 ,,rs) is in Hom(D,Mm). 

Set 

V := {{u, ((a;i,si),..., {xi, si)),71b) | / e N, 

(2.51) (m, (a;i ,... ,xi),71b) e U, si,..., si e [0,1)}. 
Dehne 9 = (Ot ): [0,1] x D ^ D by 

9t{u, ((a;i,si),..., {xi, si)),71b) 

(2.52) := (m, ((xi, tsi),..., {xi, fs;)), tt^). 

Dehne 

V •= {du,((a;i,si),...,(a:;,s;)),7rs | 

(2.53) {u, ((ail, si),..., (xi, si)), tib) e D}. 


We shall check two things: (i) that V is open, and (ii) that 6 induces 
a homotopy 9 on V, by 

(2.54) ^ti^u,{{xi,si),...,{xi,si)),WB) ~ ^et{u,{{xi,si),...,{xi,si)),nB)' 

It is obvious from the dehnition that (2.46) holds and that 6* is a de¬ 
formation retraction onto U. 

(i): To see that V is open, let d'u,((xi,si),...,{xi,si)),TTB ^ ^ some 
(m, ((ail, Si),..., {xi, si)),71b) £ V- By possibly modifying the choice of 
lift in V, we may arrange that ttb has no subrepresentation that factors 
through (j), that Si,..., s/j >0, and that sp+i = ■ ■ ■ = s; = 0. Suppose 
that cr is a representation near to Let us write a 

as 


( 2 - 55 ) ^v,{(yi,ti),...,iyp,tp))yg- 

Assuming that a is near enough, taking into account how far each 
subrepresentation of tt^ is from a representation that factors through 
0 , and by rearranging, we may assume that h < p < I and 

(2.56) (pi, U) Tn {xi, Si), i < p. 
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It follows that, for all if {xi,Si) ^ {xj,Sj) then {yi,ti) ^ {yj,tj), 
and that 


(2.57) 


a, 


V,{(xi,Sl),...,(Xp,Sp)),TT'g 




U,{{xi,Sl),...,{xi,Sl)),TTB- 


By the same argument as used to prove Lemma 2.4, there exists a 
unitary u' G Um such that 


^U,{(xi,Sl),...,(xi,Sl)),TTB ~ ^u',{{xi,Sl),...,{xi,Sl)),TTB 

(2.58) (u'Yv « ( 
for some W 2 G Um-kp- Thus, 

( |2.57| l 

<Xu' ,{{xi,Sl),...,{xi,Sl)),TrB ~ '^V,{{xi,Sl),...,{Xp,Sp)),TTg 

(2.59) ~ ^u'w,{(xi,si),...,{xp,Sp)),Trgt 

so conjugating by {u')*, and looking at (m — kl) x (m — kl) block on 
the bottom-right, one obtains 

(2.60) diag(ev3,p^^ ° 4>, ■ ■ ■, evxi o 0, tib) ~ Ad(M;2) o vr^. 

It follows that 




yap,v,{evy-^o(l),...,eVypO(f>),Tr'g ~ 

^Qp,u' 

,(evyjo0,.. 

■ ■,eVyp 04 i),Ad{w 2 )o-K'g 


^ap,u' 

,(eVj:j^O0,. 

.. ,evxp o(f>) ,Ad{w 2 )oTT'g 

(2.61) 

^auu', 


.,eVa;;O0),7rs ^ U. 


These approximations can be made arbitrarily close by asking at the 
outset that a is sufficiently close to a'u,{{x-i,si),...,{xi,si)),TTB- then follows 
that (ya.p,v,{eYy-^^o<i>,...fiYypO(j)),-K'g ^ U, i.e., (n, (i/i,... ^yp)^ b) ^ Hence, 

(2.62) (n, ((i/i,fi),..., (i/p,fp)),7rB) G H, i.e., a eV. 

This establishes that V is open. 

(ii): To check that 9 induces a homotopy 9 = (6*t)tg[o,i] on V, suppose 
that 



(2.63) (m, ((xi. Si), ..., {xi, Si)), TTs), (n, (( 1 / 1 , ti),..., (i/p, tp)), tt ' b ) G V 
give rise to the same element of V, i.e., that 

(2-64) yu,((xi,si),...,(xi,si)),TrB — yv,((yi,ti),...,(yp,tp)),Trg- 

It is not hard to see that we may assume that Si,tj > 0 for all i,j. 
Then it follows that 


(2.65) 


{(xi, si),..., {xi, Si)} = {( 1 / 1 , ti),..., {yp, tp)} 
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as multisets, and so I = p. Replacing a unitary by its composition with 
a permutation, if necessary, we may assume that {xi,Si) = for 

all i. When this is true, it is clear from the formula for 9t that 

(2.66) dt{u, (xi, si),..., {xi, si), tib)) 

and 


(2.67) 9t{v, {yi, h),..., {yp, tp), Tip)) 

induce the same representation of A. □ 

Finally, we prove the local contractibility result. 


Proposition 2.11. Let A be an NC cell complex. Then Hom(y4,Mm) 
is locally contractible. 


Proof. Using induction, we need only prove that if Hom(i?,Mm) is 
locally contractible for every m and A is given by the pull-back diagram 


( 2 . 68 ) 


A 

A 

B 


^C(Zl-,Mfc) 


f^f\s"x{0} 

'' 


C{S^-\M,) 


then Hom(74, Mm) is also locally contractible for every m. 

Therefore, let us take a point tt G Hom(R, M^). Up to unitary 
equivalence, tt decomposes as 


(2.69) 71 = diag(7rB o A, o p), 

where ttb G }lom{B,Mmg) and ttd G Homi(Co(71"'\5'"'“^ M*,), M^^), 
where tub + rnp = m. Since ttd is a direct sum of hnitely many irre¬ 
ducible representations, it actually comes from Homi(Co(FD, M^), Mm^), 
for some compactly-contained open subset Yd of Let Yb be 

an open neighbourhood of in D"‘\Y, such that Yb can be identi- 
hed with S"‘~^ x [0,1), compatible with the identihcation of 5'"'“^ with 
X {0}. 


By Lemma 2.9, there exists a contractible neighbourhood Up of ttd 


m 


(2.70) Homi(Co(Y d, Mfc), Mm^); 

let 9^ = (9f): [0,1] X Up, —>■ Uq be a deformation retraction of Uq 
onto {ttd}. By the inductive hypothesis, tib has a neighbourhood in 
Hom(i?, Mmg) which is contractible to tib- Combining the deformation 
retraction provided by Lemma 2.10 with this contraction, we see that 
there exists a neighbourhood Ud of ttd o A in 


(2.71) Homi(Co(YD, M^) ^mB) 

and a deformation retraction 9^ = {9f) : [0,1] x Us —)• Ub of Ub onto 
{ttb o A}. 
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Define U to be the set of *-homomorphisms A —)■ Mm of the form 

(2.72) Ad(M) odiag(7r5,7r)5 op), 

where vr^ G Ub, ^ Ub, and u G Um such that ||m — n|| < e for some 
V G Um such that 

(2.73) Ad(n) o tt = vr. 

It is not hard to see that U is an open neighbourhood of vr, and by 
making UbtYb, and e sufficiently small, we turn U into an arbitrarily 
small neighbourhood of a. In particular, by making U small enough, 
we ensure that if 


(2.74) Ad(M) o diag(7r^, t^'b ° p) = Ad(n) o diag(7r^, ttb ° p) ^ U 
where vr^ G f/^ and E Ub then 

(2.75) Ad(-u) o TT = Ad(n) o vr. 


To show that 7/ is a contractible neighbourhood of vr, we imitate 

first, we produce a deformation 


the steps of the proof of Lemma 2.9 


retraction of U onto the set W of all 
the form 


-homomorphisms A —)■ Mm of 


(2.76) Ad(n) o diag(7r5 o A, (Td o p), 

where u G Um is such that ||m — n|| < e for some v G Um such that 

(2.77) Ad(n) o a = a, 

and then we contract W onto a. □ 


2.5. Restricted semiprojectivity of non-commutative cell com¬ 
plexes. We are now prepared to show the following, which says that 
NC cell complexes are semiprojective with respect to the class of C*- 
algebras of the form C(X, M^), for any hxed m. (Note, of course, that 
most NC cell complexes do not belong to this class.) 

Theorem 2.12. Let A he an NC cell complex. Let X be a compact 
Hausdorff space, and Y a closed subspace. Let 0: A —)■ C{Y,Mm) he a 
unital *-homomorphism. Then there exists a closed neighbourhood Z of 
Y in X such that cf) lifts to a map 0: A —>■ C{Z, Mm), where by “lifts, ” 
it is meant that 0 = 0 (-)|y. 


Remark. Of course, the conclusion of this theorem, in the case that X 
is metrizable, is the same as saying that if B := C{X,Mm), and is 
an increasing sequence of ideals of B, then any unital ^-homomorphism 
A —)■ B/[JIn lifts to a map A —>■ B/U for some n. (It is stronger in 
the non-metrizable case.) 


Proof of The orem\2.1P\ Recall the definition of 0 G C(y, Ilom(A, Mm)) 


from Section 


1.2 


and that the existence of the lift 0 corresponds to 
extending 0 to a continuous map 0: Z —)■ Hom(A, M^). To prove 
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the theorem, we must therefore show that Hom(y4, Mm) is an absolute 
neighbourhood extensor with respect to the class of compact Hausdorff 
spaces (as defined in [161 II- 2 ]), equivalently, an absolute neighbour¬ 
hood retract [TUI Lemma 5.1]. 

Since }lom{A, Mm) is hnite-dimensional (Corollary 2 . 8 ) and metriz- 
able, it embeds into M"" for some n [T21 Theorem 1.11.4]. It is, in addi¬ 
tion, compact, since it can be identihed with a weak*-closed, bounded 
subset of {A (g) Mm)* (by identifying a *-homomorphism 0: A —)■ Mm 
with the functional that maps to the {i,j)-th entry of the matrix 


0(a)). Also, it is locally contractible by Proposition 2.11 Therefore, 
by [m Theorem A.7], it is an absolute neighbourhood retract. □ 


The following corollary says that the relations dehning an NC cell 
complex A are stable in the class of C*-algebras of the form C(X, Mm) 
(for hxed m). 


Corollary 2.13. Given an NC cell complex A, a finite set d A, 
a tolerance e > 0 and an integer m G N, there exists a finite set 
Q d A and 5 > 0 such that the following holds: if X is a compact 
Hausdorff space and 0: A —)■ C{X, Mm) is a *-linear map that is {Q, 5)- 
multiplicative, then there is a *-homomorphism 0: A —)■ C'(X, Mm) such 
that 

(2.78) 0(a) 0(a) 

for all a E X. 


Proof. This is a standard argument, involving lifting a map 

(2.79) ^ n 0 

n n 

See [251 Theorem 4.1.4]. □ 

Corollary 2.14. Let A be an NC cell complex and let m eN. For any 
finite subset X d A and e > 0 there exists a finite subset Q d A and 
5 > 0 such that, if X is a compact Hausdorff space and 

(2.80) 00)01- A —)■ C(X,Mm) 
are *-homomorphisms such that 

(2.81) 0o(a)^5 0i(a) 

for all a E Q, then there exists a homotopy of ^-homomorphisms, 6 = 
(9f) : A —)■ C'([0,1]) g) C(X, Mm), such that Oi = cfi for i = 0,1 and 

(2.82) efia) 0o(a) 
for all a E X and t E [0,1]. 

Proof. This argument is probably well-known, although we were unable 
to find a reference. It is a proof by contradiction. Suppose that the 
result is false for X and e > 0. Let (a*) be a dense sequence in A. 
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Then for every n we may find a compact space Xn and *-homomorphisms 

(2.83) A^C(X„,Mfc) 
such that 

(2.84) (j)i^\ai) Rii i = 

n 

yet there is no 0 = {9t): A —)■ C([0,1]) 0 C(X, M^) such that 9i = 
for i = 0,1 and 

(2.85) 9t{a) 


for all X G X and t G [ 0 , 1 ]. 

Dehne a c.p.c. map : A —)■ C([0,1]) 0 C(X„, M^) by 
( 2 . 86 ) := id[o,i] 0 + (1 - id[o,i]) 0 


This is obviously not multiplicative, but since the are multiplicative 
and by (2.841), it induces a ^-homomorphism 


(2.87) $: 71 ^ J] C([0,1]) 0 C(X„, M^)/ 0 Co((0,1)) 0 C(X„, M^) 


This map lifts to a *-homomorphism 


$: A —> n C([O,l]) 0 C(X„,Mfc), 

n>nQ 


for some no G N, giving a contradiction. 


□ 


2.6. Approximating arbitrary subhomogeneous algebras. In this 
section, we prove the following approximation result. 

Theorem 2.15 (Theorem [B|. Let A be a unital, separable subhomo¬ 
geneous algebra of topological dimension at most n. Then A is locally 
approximated by NC cell complexes of topological dimension at most n. 

Remark. Note that NC cell complexes are, by definition, unital, and 
so we could not expect the result above to generalize to non-unital 
subhomogeneous algebras. The result can, nonetheless, be applied to 
studying these non-unital algebras, by applying it to their unitizations. 

We begin with a few technical lemmas. 

Lemma 2.16. Let A be given by the pull-back diagram 


( 2 . 88 ) 



C{X,Mk) 


B—^C{X(^\Mk) 
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in which B is locally approximated by subalgebras Bn- Define An by the 
pull-back diagram 

(2.89) A,-- C{X, Mk) 

Y 

Bn^C{X^^\Mk). 


Then A is locally approximated by the An- 

Proof. Let X d Ahe a. finite subset and let e > 0. There exists n E N 
such that, for each a = (6, /) G X, there exists ba E Bn such that 

(2.90) b ba- 

Then, since 0(6a) flxw^ using the dehnition of the quotient norm, 
there exists Pa E C(X, M^) such that 

(2.91) fi'alx(o) = 0(^a) and Pa f- 

Then, {ba, Pa) d An and a {ba, Pa). □ 

Lemma 2.17. Let A be given by the pull-back diagram 


(2.92) 


A 

A 

B 


^C{X,Mk) 


where B is an NC cell complex of topological dimension at most n, X 
is a CW complex of dimension at most n, and is a subcomplex. 
Then A is an NC cell complex of topological dimension at most n. 

Proof. We prove this by induction on the dimension, m, of X. 

Removing the interior of from X (and from does not 

change A at all, and allows X’^^) to be replaced by its boundary (in X). 
Thus, we may assume that X^°) is an (m — l)-dimensional subcomplex. 
Let X C X be the {m — l)-skeleton of X, so that X*^°) is a subcomplex 
of X. 

Dehne B' and p' by the following pull-back diagram: 

(2.93) B' C(X, Mk) 

f^f\x(0) 

R^C(X(o),Mfc). 
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By the inductive hypothesis, B' is an NC cell complex of topological 
dimension at most n. Moreover, it is not hard to see that the diagram 

( 2 . 94 ) A^^C{X,Mk) 

I 

p 

commutes and is a pull-back diagram. 

This reduces the problem to the case that is the m-skeleton of 
X. To deal with this case, we use induction on the number of m-cells 
in X. In the base case of this induction, X has no m-cells, and then 
X = and so A = B and we are hnished. 

Otherwise, by singling out an m-cell of X, we obtain a pull-back 
diagram 

( 2 . 95 ) C{X)^^C{D^) 

Y Y 

C(X') —C(^—1), 

where X' is a subcomplex of X given by deleting the interior of one 
m-cell, and a is a ^-homomorphism. This means that X' contains 
and has one fewer m-cell than X does. 

Dehne B' and p’ by the following pull-back diagram: 

( 2 . 96 ) B'^^C{X',Mk) 

f^f\x(0) 

i?^C(XW,Mfc). 


By the inductive hypothesis, B' is an NC cell complex of topological 
dimension at most n. Moreover, it is not hard to see that the diagram 


( 2 . 97 ) 


A 


C(D^Mfc) 


B' 


(o(giidMi,)op‘ 


rCis^-\Mk) 


is a pull-back diagram, and, therefore, A is an NC cell complex of 
topological dimension at most n. □ 
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Lemma 2.18. Let A be given by the pull-back diagram 

p 


(2.98) 


f^f\x(0) 


where B is an NC cell complex of topological dimension at most n, 
and X is a simplicial complex of dimension at most n. Then A is an 
inductive limit of NC cell complexes of topological dimension at most 
n, where the maps of the inductive system are injective. 

Proof. is a closed subset of a simplicial complex, and therefore it 
is the intersection of a decreasing sequence of closed subsets, 

such that for each n, by changing the simplicial complex structure on 


X, Yn can be viewed as a subcomplex. By Theorem 2.12, cj) lifts to a 
map (j): B ^ ClfYn^, M^) for some uq. 

It follows that A is an inductive limit (with injective connecting 
maps) of algebras An, dehned by the pull-back diagrams 


(2.99) 


A, 


B 


4>{-)U 


C{X,Mk) 

f^fWn 

C{Yn,Mk), 


n = 1,2, 


( 2 . 100 ) 


Indeed, as subalgebras of i? © C{X, Mk), we have 


Ai Y A 2 Y ■ ■ ■ and A = \^Ai 


Moreover, by Lemma 2.17, An is an NC cell complex of topological 
dimension at most n. □ 


Proof of Theorem 2.15 . By m Theorem 2.16], A is a recursive sub- 
homogeneous algebra. By induction on the length of the recursive 
subhomogeneous decomposition (see m Dehnition 1.2]), it suffices to 
show that if A is given by a pull-back diagram 


( 2 . 101 ) 


A 


C(X,Mk) 


i?-^C(XW,M,), 


where B is locally approximated by NC cell complexes of topological 
dimension at most n and dimX < n, then A is locally approximated 
by images of NC cell complexes of topological dimension at most n. 
Using Lemma [2. 16 we may assume that B is a. single NC cell complex 
of topological dimension at most n. 
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Let C A be a finite subset and let e > 0. Without loss of generality, 
since B is finitely generated, the finite set Q \= {h & B \ {b, f) G B} 
includes a set of generators of B. Let 6 G (0,e/3) be as provided by 


Corollary 2.14, with m = k and e/3 in place of e. By Corollary 2.13 
there exists r] G (0, S) such that, if a: i? —)■ C is a ^-homomorphism, D 
is a subalgebra of C, C,, D, and D is isomorphic to C(hL, M^) for 
some space W, then there is a ^-homomorphism a: B ^ D such that 
a{b) d(6) for all b G Q. 

there exists a closed neighbourhood Y of 


By Theorem 2.12 


such that <p lifts to a map 0:5—)- C(y, M^). Replace R by a smaller 
neighbourhood, if necessary, so that 


(2.102) a = {b,f)eB. 

For each a = (6, /) G B, choose fa G C(X, M^) such that 


(2.103) fair = 0(&) and fa f. 

Since X\Y° has dimension at most n, by [I2l Theorem 1.10.16] there 
exists an n-dimensional simplical complex T and an injective *-homomorphism 
a: C(r,Mfc) —)■ C{X\Y°, Mk) such that, for each a = {b,f) G X, 


(2.104) fa\x\Y° (^i9a) 

for some ga G C(r, M^). Let Qa G C(X, M^) be such that 


(2.105) fa Qa, ga\x(0) = 0(&), and ga\x\Y° = cr(fifa). 

Note then that for a = {b, f) G X, 

(2.106) 0(6)|ay = faldY ga\dY ^ Cr(C(r, Mk))\dY =■ D. 

Let T*^®^ be the closed subset of T such that Co(r\r) is the kernel of 
the map cr(-)|gy. Then since D is isomorphic to C(r*^'^\ M^), our choice 
of g ensures that there is a *-homomorphism 9i \ B ^ D such that 


(2.107) 

for all a = (6, /) G X. 


6*1 (&) ga\dY 


By Theorem 2.12, there is a closed neighbour¬ 


hood W of dY in Y such that 6i : B ^ D C C{dY, M^) extends to a 
map B —)■ C(fF,Mfc), that we continue to denote 9i. Replace hF by a 
smaller neighbourhood, if necessary, so that 6*i(6) (f>{b)\w 

Corollary |2.14| now provides us with a homotopy 9 = (00: B — 
C([0,1]) ® C(hF, Mfc), such that 0o = 6*i agrees with the existing 

definition, and 


(2.108) 9t{b) (j){b)\w, beg. 

Note that dW (taken in X) is a disjoint union of dY and the closed 
set dW\dY. Therefore, by Urysohn’s Lemma, there exists a continuous 
function /: VF —)■ [0,1] satisfying 


(2.109) f\dw\dY = 0 and /|ay = 1. 
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Define ij: B ^ CiY,Mk) by 


( 2 . 110 ) 




^f{y)ib){y), 


if ye y\iy, 
if yew. 


Since </>(&)|avT\ay = 0o{b)\Q]y\QY, the function -0(6) is continuous. Also, 

(2.111) '!/'(&) ~e /3 0(&), beg and = (j). 

Since 0i{B) C (T(C(r, M^)), g{-)\dY is a map from B to (j(C(r, Mk))\dY 
(^(r^^i). Define A' by the pull-back diagram 


( 2 . 112 ) 


A'--C(r,Mfc) 




/'-^/lp{0) 


W(')\dY 


By Lemma 2.18 A' is locally approximated by NC cell complexes of 
topological dimension at most n. 

Let us now describe a map tt : A' —)■ A. For (6, (?) G A' C S © 
C(r,Mfc), dehne / G C(X,Mfc) by 


(2.113) f\x\Y--=(^{g)\x\Y° and /|yo := V^(6). 

The dehnition of B ensures that cr(6)|ay = g{g)\dY, so that / is indeed 
continuous. Note that 


(2.114) /|^(o) =^(6)U(o) ^0(6), 


so (&,/) G A; we dehne 7i{b,g) := {b,f). Since a is injective, / is only 
0 if (7 is zero; consequently, vr is injective. 

Now, let us show that B vr(A'). Let a = {b, f) G fF. By ([2T07| 
and ( |2T0^ , 

(2A15) ga\ro ~e/3 ^i(^)|9y = '4’{b)\dY, 

so let g G C(r, M^) be such that 


(2.116) 5 ,|p^ =-0(6)1 gy and g 9a- 

Then (b, q) G A'; let us show that 7i(b, q) a. 

Let 7r{b,g) = {b,f). Then 
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and 


l|2.113|l 


f\x\y ^ 


l|2.116|l 


(^{g)\x\z 

<T(5'a)U\Z 


(2.118) 

Thus, 7i{b,g) = {b, f) 


l |2.104| | 

~e/3 fa\x\Z 
12.10311 

~6/3 f\x\Z- 
{b, /) = a as required. 


□ 


Corollary 2.19. Let A be a CL-algebra. Then A is loeally subhomoge- 
neous if and only if it is locally approximated by NC cell complexes. 

Proof. Since NC cell complexes are subhomogenous, the reverse di¬ 
rection is obvious. In the other direction, since a C*-subalgebra of a 
subhomogeneous algebra is itself subhomogeneous, every locally subho- 
mogeneous algebra is locally approximated by hnitely generated, sub¬ 
homogeneous algebras. Moreover, m Theorem 1.5] shows that every 
hnitely generated, subhomogeneous algebra satishes the hypothesis of 


Theorem 2.15 , and is therefore itself locally approximated by NC cell 
complexes. □ 

2.7. W-stable approximately subhomogeneous algebras. We in¬ 
clude another result here, which is proven using an adaptation of the 


proof of Theorem 2.15 Recall the stably projectionless, monotracial, 
R-theoretically trivial algebra W studied in na. 

Theorem 2.20. Let A be a separable locally subhomogeneous algebra. 
Then A^VC is an inductive limit of one-dimensional NC cell complexes 


(i.e., point-line algebras; see Remark 2.2 (Hi)). 

We need some technical lemmas to prove this. 

Lemma 2.21. Suppose that 

(2.119) 0 ^ I ^ A^ B ^0 

is an extension of CT-algebras, such that I and B are subhomogeneous. 
Then the topological dimension of A is the maximum of the topological 
dimension of I and of B. 

Proof. A is subhomogeneous, and for each k, Primfc(A) can be decom¬ 
posed into an open set homeomorphic to PrimA;(/) and a closed sets 
homeomorphic to Primfc(i?). Therefore, 

(2.120) dimPrimfc(24) = max{dimPrimfc(/), dimPrimfc(i?)}, 

and the result follows by the dehnition of topological dimension (Deh- 
nition 1.3). □ 
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Proposition 2.22. Let C he a C{X)-algebra, let X® C X be closed 
and let A he given by the pull-back diagram 


( 2 . 121 ) 




X 

B 


C|x(o), 


where (p is a * -homomorphism. If B is approximated by subhomoge- 
neous algebras of topological dimension at most 1, and C is locally 
subhomogeneous, then A is locally subhomogeneous. Moreover, if C is 
approximated by subhomogeneous (T-algebras of topological dimension 
at most n>l, then so also is A. 


Proof. This proof is along the same lines as the proof of Theorem |2. 15 
Let X C v4 be a finite snbset that we wish to approximate, np to 
a tolerance e > 0. Withont loss of generality, by Theorem 2.15 and 
Lemma 2.16 we may snppose that i? is a one-dimensional NC cell 
complex. Choose a finite generating snbset Q oi B containing A(X). 

Since B is (weakly) semiprojective |5] (see also m Remark 3.5]), 
there exists rj G (0,e/3) snch that, ii a: B ^ E is a ^-homomorphism 
and E' is a snbalgebra of E snch that (y{G) C,, E' then there is a 
*-homomorphism a\ B ^ E' snch that a{h) ~e /3 a{h) for all b & Q. 
Also since B is semiprojective, there exists a closed neighbourhood Y 
of such that 0 lifts to a map 0: B -P- C\y. Replace R by a smaller 
neighbourhood if necessary, so that 0 o A(a) p(a)|Y for a G X. 

For each a = (6, /) G E, choose fa^C such that 


(2.122) fair = (p{b) and fa /. 

Since C is locally subhomogeneous, there exists a subhomogeneous 
subalgebra D of C such that, for each a E Q, 


(2.123) fa ga 

for some Pa G D. Let Z be a closed neighbourhood of X\Y°, disjoint 
from Choose, for each a = {h, f) G E, an element Pa E C such 

that 


(2.124) fa Pa, ga\x(0) = (p{b)\x(o), and ga\z = Palz e D\z. 
Consider the quotient of A by C\x\Yi which we denote by B ®C|^(o) 

C\y. The pair (id^, 0) provides a ^-homomorphism B -E B®c\^^q-^ C'Iy, 
and the image of Q under this ^-homomorphism is contained, up to rj, 
in the subalgebra 

(2.125) C*{{{b,ga\Y)\a = {bJ)EE}). 

By the choice of rj, it follows that there is a ^-homomorphism 

(2.126) 0 = (01,02): S ^ C0{(6, PaW) \ a = {b, f) E E}) 
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such that 

(2.127) ij o A(a) (6, ^^|y) 

for all a = (6, /) G -F. 

Note that, for b E G, there exists a ^ T such that A(a) = b; thus 
'G2{b)\Ynz e C*({^a|Ynz}) ^ DIyhz- Since Q generates B, it follows 
that C DIydz] therefore, we may dehne E by the pull-back 

diagram 


(2.128) 


E 


B 


D\z 

f'-^fWnz 


d2(-)b 


D\ 


Ynz, 


which is clearly subhomogeneous since D and B are. Moreover, E can 
be identihed with a subalgebra of A by 


(2.129) 


(6, d) HA- (i/’i(&), c) e B 


where c|y := i/’ 2 (^) and c\z ■= d. This subalgebra approximates E up 
to e. 


Applying Lemma 2.21 to E yields the hnal statement, about topo¬ 
logical dimension. □ 


Proof of Theorem 2.2(^ Since one-dimensional subhomogeneous alge¬ 
bras are approximated by one-dimensional NC cell complexes (Theo¬ 


rem 


2.15), and one-dimensional NC cell complexes are semiprojective 
[5] (see also dH Remark 3.5]), it suffices to show that A ® W is locally 
approximated by one-dimensional subhomogeneous algebras. For this, 
it suffices to assume that A is recursive subhomogeneous (in fact, by 
Theorem |2. 15 we could assume it is an NC cell complex—but this isn’t 
needed). 

By induction on its decomposition, we need to show that if an al¬ 
gebra A is dehned by a pull-back diagram as in ( 2.121| ) (with 
possibly empty), where C := C(X, W), and B is approximated by 
one-dimensional subhomogeneous algebras, then A is approximated by 
one-dimensional subhomogeneous algebras. In this case, C is approxi¬ 
mated by one-dimensional subhomogeneous algebras by m Theorem 
1.4], and hence Proposition 2.22 implies that the same holds for A, as 
required. □ 


3. Decomposition rank 

Recall the dehnition of the decomposition rank of a *-homomorphism 
from uni Dehnition 2.2]. If A C R then we write dr(A C B) to denote 
the decomposition rank of the inclusion map; when A = B, this is the 
same as the decomposition rank of B, whereas in the case of a hrst- 
factor embedding A®l£)CA0D, where D is strongly self-absorbing. 


















DECOMPOSITION RANK OF ASH ALGEBRAS 


31 


this decomposition rank value relates to the decomposition rank of 
A® D, see [iQl Proposition 2.6]. 

In this section, we prove the following result: 


Theorem 3.1. Let A be an NC cell complex. Then for any unital 
(7-algebra D, 

(3.1) dr(y4 ®1 dCA®Z 1)< sup dr((7(Z) 0 l^) C C{Z) ® D), 

where the maximum is taken over all compact metrizable spaces Z of 
the same topological dimension as that of A. 


In combination with the main result of [ID] (and Theorem 2.15 to 
handle general subhomogeneous C*-algebras), Theorem is a conse¬ 
quence (see Corollary |3.20[ ) . It also provides an alternative proof of the 
main result of 051 , see Corollary |3.21| (although both proofs are fairly 
technical, they are fundamentally different; A.T. and Wilhelm Winter 
found out the hard way that the argument in [15| probably cannot be 
adapted to prove Theorem 3.1). 


3.1. A special case. We include the construction of c.p.c. approxi¬ 
mations for special one-step NC cell complexes, to give an idea of how 
the general case works. The general case involves a signihcant amount 
of recursion and induction which can be avoided in this case. 

Consider a separable C*-algebra A which is given by a pull-back 
diagram 


(3.2) 


A -=-► C(A', X |0, l|,Af,„,) 


A 


x{0} 


C(Ao, ^ C(Ai, M^J, 


where 6^ is a unital ^-homomorphism. This implies that mi = Imo for 
some I G N. 

Recalling that 9{x) means ev^ o 9, dehne 

(3.3) S: Hom(C(Xo, M^p), —)■ {hnite subsets of Xq} 

by 

(3.4) S{Ad{u) o diag(ev^^,... ,ev^J) := 

(note that we are taking a set, not a multiset, here). Of course, every 
unital *-homomorphism a: C{Xq, Mm^) —)■ can be expressed as 

a = Ad(M) o diag(ev 2 ^,... ,ev 2 j, and although this expression is not 
unique, the set S{a) = {zi,..., zi} is; in fact, 

(3.5) 5(a) = Xo\U 

where ker(a) = Co{U, Mmo). 

Dehne 

(3.6) Y := {(a;i,Xo) G Xi x Xq | Xi G Xi and Xq G 5(0(xi))}; 
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since S is continuous (in, say, the Hausdorff metric on finite subsets 
of Xo), it follows that F is a closed, and therefore compact, subset of 
Xi X Xo. _ 

Define C(y, M^o) —t C(Xi,MmJ as follows. For xi G Xi and 
/ G C{Y, Mmo), let us express 9{xi) as 

(3.7) 0(xi) = Ad(M) o diag(ev^^,... ,ev^J, 

and then define 


(3.8) ^(/)(ti) := Ad(M)(diag(/(a;i, Xi),..., f{xi, zi))). 

(One may check that this is well defined—it does not depend on the 
chosen representation of 9{x) and ^{f) is indeed continuous.) A critical 
property of ^ is that 9 factors as 

(3.9) C(Xo, ^ C(F, Mmo) ^ C{X,, M^J, 


where the first map is induced by the coordinate projection Y —)■ Xq. 
Fix r] G (0,1) and define 

(3.10) Z, := (Xo X {0}) n (F X [0,7^]) H (Xi x [rj,l])/ 

where ~ is the equivalence relation generated by the following: 

(i) for {xi,Xq) G F, 

(3.11) (xo,0) ~ ((a:i,Xo),0); and 

(ii) for (xi,Xo) G F, 

(3.12) {{xi,Xo),r]) ^ {xi,r]). 


(It is easy to see that ~ is closed, and therefore is Hausdorff.) 
These constructions will be used in the proof of Proposition 3.3| (a 


baby version of Theorem 3.1) below. 


Example 3.2. This simple example illustrates the constructions. Let 
Xo := {a, 6}, Xi := {c, d}, mo = l,mi = 2, and define 9\ C(Xo) —>■ 
C'(Xi,M 2 ) by 

(3.13) d(/)(c) := diag(/(a),/(6)), d(/)(d) := diag(/(a),/(a)). 

In this case, we have F = {(c, a), (c, 6), (d, a)} and ^: C'(F) —)■ C(Xi, M 2 ) 
is given by 

(3.14) 

5(/)(c) = diag(/(c,a),/(c,6)). i(J)(d) = diag(/(o!, a),/(ci, a)). 


The space Z^ looks like the following: 



(d,l) 


(f1) 
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Proposition 3.3. Consider the CT-algebra A given by the pull-back 
diagram (3.2) and let D be an infinite dimensional UHF algebra. Then 
dr(Al® D) < 2 . 


Proof. Let C A be a finite subset and let e > 0; we must show that 
we can {if, e)-approximately factorize the identity map on A in a 3- 
colourable way. We may assume that fiF consists of positive elements. 
Moreover, by approximating we may assume that there exists rj > 0 
such that, for every a = {f,g) e if C C(Xo, Mmo)©C(Xi x [0,1], 

X G Xi, and t G [0, 2ri], 

(3.15) g{x,t) = g{x,0). 

Set Z := Zri as defined in ( |3.10| ). Let us identify the spaces Xq, 
Y X (0, rj), and Xi x [ 77 ,1] with subspaces of Z. 

Let Uq be an open cover of Xq such that for every (/, g) E X C 
C(Xo,Mmo) © C(Xi X [0,1], MmJ and every U G Uq, the restriction 
/|[/ is approximately constant (to within e). Choose an open cover Ui 
of Z such that for U E Up. 

(a) If (7nXo 7 ^ 0 then Un{X x [rj,!]) = Zi, and there exists V eUq 
such that U (1 Xo <0 V and for every {{x,y),t) G (P x (0,p)) fl U, it is 
the case that y eV; 

(b) If (7 n (y X (0,77)) 7 ^ 0 then U (1 {X x [2t], 1]) = 0, and there 
exist disjoint open sets W,..., 1/^ E Uq such that for any (x, t) E U O 
{X X [t;,2r;)) or {{x,y),t) € f/n(K x (0.>))). 


(3.16) 


^(^(x)) <zViC---'CVq] and 


(c) For every {f,g) E X C C{Xo,Mmo) © C(Xi x [0,1], M^J, the 
restriction g\un{Xx[rj,i]) is approximately constant (to within e). 

Since the embedding C{Z) <ZId C. C{Z)<ZD has decomposition rank 
at most 2 m Theorem 4.1], we may find a 3-colourable approximate 
(to within e) finite partition of unity in C(Z, Zl)+ subordinate 

to Ui (by 
Definition 


Proposition 3.2], where this concept is defined; see also 
3.17). By possibly rescaling, assume that X] © — ^d- 


Let’s now define our c.p.c. approximation 


(3.17) 



Fr 



D^A, 


by defining finite dimensional (in fact matrix) algebras F) together with 
the parts of and (j) corresponding to each F). This is done in cases. 

Case 1: The support of a* intersects Xq. Let G C(y x [0,1]], D) 
be given by composing a* with the natural map T x [ 0 , 7 /] —)■ Z (from 
the definition of Z). Using fi: C(Y, M^q) —t clXi, as defined in 

(3.8), identify the domain and codomain appropriately so as to view 
© idc([o,r)])(giD as a map from C(y x [ 0 , 77 ], D) © to D © C(Xi x 
[0,7]], Mmi). Then, note that by condition (a) on the open cover Ui, 
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0 Imo) vanishes on Xi x {rj}, i.e., 

(3.18) idc([o,7?])®D)(&i <8 Imo) eD^Co{Xi x [0,?7),M^J 
and 

0 idc([o,?7])®D)(&i <8) lmo)|Aix{0} ('C ® idn)) |y x{0} ^ Imo) 

(3.19) ^ (6^ 0 id^)(ai|xo ® Imo), 

where, again, we make appropriate identihcations of domains and codomains 
of the maps involved. This shows that 

(3.20) . (Hilxo ® Imo, ® idcQo,,?])®^) (^i ® ^mo)) ^ ^ ^) + ' 

Set 


(3.21) F, := Mmo 

and dehne the c.p.c. order zero map (pi : M^o D ® Ahy 

(3.22) 0i(K) := (a^lxo 0 k, (C ® idc([o,r,])®D)(&i ® «)); 

(the range of this map is contained in F 0 A, for similar reasons as for 
Cj). Fix a choice of Xi G Xoflsnpp Oj, and nse this to dehne : A —)• 
by 


(3.23) 'ipi{f,g) = f{xi). 

Case 2: The snpport of a* intersects F x (0,//), bnt not Xq. Let 
U E Ui contain the snpport of Oj and for this set, let Fi,..., Fg E Uq 
be disjoint sets as in (b), which we relabel F,i, ■ ■ ■ We dehne 

Fi := Fi^i © • • • © Fj^gp) where we dehne Fij (and the parts of 0,-0 
relating to Fjj) now. Let ns therefore hx j = 1,... ,q{i). 

Dehne bij : F x (0, 2'r]) —)■ F by 

(3.24) 

{ ai{{x, y),t), if ^ e (0, rj) and y E Fj; 
ai{x,t), if t E [r],2r]) and 5(0)(x) n Fj F 0; 

0, otherwise. 

One may check (nsing (b)) that bij is continnons, and vanishes on 
F X {0, 2?7}; therefore, we may view it as an element of 

(3.25) C'o(F X {0,2g),D) C C'o(F x (0,1], F). 

We note, for fntnre nse, that for {{x,y),t) eY x {0,2r]), 


(3.26) 

Dehne 


?(*) 

'^bij{{x,y),t) 

i=i 


ai{{x,y),t), 

flj (t, t), 


if t E (0,?7); 
if f e [i], 2r]). 


(3.27) Cij . (Oxq, ('C ^ idc([o,i])®D)(0i,j ® Imo)) ^ ^+- 
Dehne the snmmand 


( 3 . 28 ) 


Fi,j Mmo 
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and define (pij: —)■ -D ® A by 

(3.29) := (Oy, ® idc([o,i])^D)(^Li ® '^))- 

Fix a choice of yij G Vij and use this to dehne 'ipij: A —)■ by 

(3-30) = fiVid)- 

Case 3: The support of a* is contained in Xi x ( 77 ,1], In this case, 
aiUix(r,,i] e Co{Xi X (? 7 ,1], T>)+ C C(Xi x [0,1], D)+, so 

(3.31) Cj := (Oxo, Oj|xix[? 7 ,i] ® Imi) G (T* ® ^)+- 
Dehne the summand 

(3.32) F, := 
and dehne (pi: M^i D ® Ahy 

(3.33) pi{K) := (Oxo, a*Uix[r,,i] ® «)• 

Choose Zi G suppa* C Xi x ( 77 ,1] and use this to dehne %pi\ A ^ Mk 
by 

(3.34) pJi{f,g) := g{zi). 

Set Gi,G 2 and G 3 equal to the set of all i from Cases 1, 2 and 3 
respectively. Thus, we have 

?(*) 

(3.35) = © i"* ® 0 © T, ® © i".. 

i&Gi i^G2 7—1 i^Gz 

The maps pj and p are given as (direct) sums in the same way. 

It is easy to see that wheneer 0 * 0 */ = 0, we also have ejCj/ = 0 (or 
= 0) etc.), and that for i G G 2 , the elements Cj^,..., are 
mutually orthogonal. Therefore, p is 3-colourable. Since '^ai < Iz, 
we also have 

q3) 

(3.36) 0(1^) = Ci < Id^a, 

i^Gi i^G2 7—1 i&Gz 

and so p is contractive. 

Next, we must check that pp{a) ^ Id a for a = {f, g) G F. We 
see that pp{a) = {f',g') where 

f := ^(Oilxo ©/(a^i)) 

iSGi 


(3.37) 
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and 


g' := ® idc([ 0 ,r,])®D)(&i <8) f{xi)) + 

iSGi 

<?(*) 

^ ® idc([ 0 ,r,])®D)(&i,i ® f{yi,j)) + 

*eG2 j=i 

(3.38) E 9{zi). 

i&Gi 


For X G Xo, we have that ai(a;) 7 ^ 0 only if /(xj) 
dehni tion o f Gi, Id- 

from (3.37) that f'{x) !^2e Id ® /(x). Hence ||/' 
Next, let (x,t) G Xi x [O,?]). Express 9{x) as 


/(x). Also, by the 
Therefore, it follows 

- /II < 2£. 


(3.39) H^) = Ad(u) o diag(ev 3 ,,... ,evj,). 


Then, for z G Gi, 

(3.40) (^ (g) idc([o,r)])®D)(&i g /(xi))(x,f) 

^ Ad(lD gM)(diag(6i((x,xi),f) g/(x*),..., 6i((x, x;), f) g/(x*))) 
= Ad(li? gM)(diag(ai((x,xi),f) g/(xj),..., ai((x, x;), f) g/(xi))). 

nsing the definition of 6*. Likewise, for z G G 2 and j = 1,..., g(z), 

(^g idc([o,77])®D)(&i,i ® fiyi,j))ix,t) 

^ Ad(lD gzz)(diag(6ij((x,xi),f) g f{yi,j), ..., 

(3.41) ® f{yi,j)))- 

Combining these, we hnd that 


9\x,t) = ^(^ g idc([o,,?])®D)(&i g/(Ti))(x,f) + 

ieGi 

<?(*) 

^ idc([o,r)])®D)(&i,i ® f{yi,j)){x,t) 

ieG2 j=i 

= Ad(lD g zz)(diag(ci,..., q)) 


(3.42) 
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where 

Ck := ^ ai(x, Zk) 0 fixi) + 

iSGi 

9(*) 

EE 

iSGa i=l 

^ ai(a;, Zk) 0 /(^fc) + 
ieGi 

EE bij{{x,Zk),t) 0 /(zfc) 

iSGa j=l 

(3.43) lD0/(;7fc), 


using the fact that / is approximately constant on each set in Uo for the 
hrst approximation, and using (3.26) and that JZip GTUGo ~e 1 

for the second approximation. Putting (3.43) into (3.42) we obtain 


g'{x,t) ^ 2 e Ad(li? 0 M)(diag(li? 0/(zi),..., Id 0/(zfc)) 

(3.44) ® ln®e{f){x) 

(3.45) lD<^g{x,t). 


Next, let (x,t) G Xi x [g,2g). Express 6{x) once again as in (3.39). 
For i G G 2 and j = 1,... ,q{i), the computation (3.41) remains valid, 
and so 

(3.46) 

^ X](^0idc([o,,?])®D)(&i,i0/(l/ij))(a^,^) = Ad(lD0M)(diag(ci,... ,q) 
*eG2 j=i 


where 


<?(*) 

ieG2 j=i 
<?(*) 

EE bij{{x,Zk),t) 0 f{zk) 

*eG2 i=i 

^ '^ai{x,t) f{zk), 

jeG2 


(3.47) 
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using the fact that / is approximately constant on each set in Wq, in 
the approximation. Thus we have 

i&G2 i=l 

Y ® Ad(M)(diag(/( 2 ;i),..., f{zk)) 

i&G2 

= ^ ai(a;,t) 0 6'(/)(a;) 

i£G2 

(3.48) ttijx, t) 0 g{x, t). 
i&G2 

Using this and the fact that X]ieG 2 UG 3 ~e ^Di we obtain 

9(*) 

9 \x,t) = Y Y^^ ® idc([o,,?])®D)(&i,i ® f{yi,j)){x,t) 

*6G2 j=l 

+ Y <^9{Zi) 

leGs 

Y ai{x,t) g{x,t) 

iGG2UGs 

(3.49) 9{x,t). 

Finally, for {x,t) G Xi x [21], 1], we have 

(3.50) g'{x, t) = Y ® Id 0 g{x, t) 

ieGa 

This concludes the verihcation that Id 0 (/, S') ~ 3 e ^^’(/jfi')- 

This shows that dr(240lD G A(^D) <2. Since D is UHF, it follows 
that dr(y4 0 D) < 2. □ 

3.2. Set-up. Let us £x an NC cell complex A] below we shall fix a 
decomposition of it. In subsequent sections, we shall produce a con¬ 
struction based on this fixed data. 

For a topological space X, let CX denote the cone over X, dehned 
by 

(3.51) Xx[0,l]/~ 

where {x, 1) ~ {x', 1) for all x,x' G X. Note that this is the commuta¬ 
tive space corresponding to the unitization of the standard C*-algebraic 
cone over C(df). We view CX as the (non-topological) disjoint union 
of X X [0,1) and {1}. 

Let A have an NC cell decomposition, in which it is the fco-th stage, 
as follows. The hrst stage is Aq = C{CXq, Mm^) and, for k > 1, the 
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k-th stage is Ak which satisfies the pull-back diagram 


(3.52) 


Al 




Ak-1 


6k 


f^f\xkX{0} 


where each Xk is a sphere of some dimension. Thus, A = Ak^. Occa¬ 
sionally, it will be convenient to use cxo: Aq ^ C(OXo, M^q) to denote 
the identity map on C{CXq, Mmo)- 
We will frequently use the notation 

(3.53) := Afc/+i o ■ ■ ■ o Afc: A^ —>■ A^i 


for k' < k. 

Presently we will initiate a construction that will lead to c.p.c. ap¬ 
proximations for the inclusion Ak^ —)■ A^^ (g) D. These will involve 
tuples of paramaters (pi,..., rj^g) G (0,1)*'“. We will frequently abbre¬ 
viate this tuple as fj, and also use fj to denote {rji, ... ,rik) for values 
k < ko where appropriate. 

Throughout this section, we will use the notation Xk (or x)., etc.) to 
denote a point in Xk, Vk to denote a point in CXk, and similar notation 
for points in sets Zk^fj and Yk,fi to be introduced in Section 3.4 This 


is not to be confused with the k^^ entry from a tuple or sequence of 
points. When we wish to refer to an element of a tuple or sequence of 
points in Xk, we use the notation (where the tuple or sequence is 
indexed over i). 


Remark 3.4. In the construction to follow, it is not important that the 
spectrum of Aq is a cone; nor is it important that Xk is a sphere. It 
only matters that at each stage (after Aq), the space is a cone where the 
gluing occurs at the “wide end” of the cone. (In fact, what is pertinent 
is that the gluing space is a neighbourhood retract.) However, no 
stronger theorem (than Theorem 0 is obtained by replacing CXq and 
W by more general spaces. 


3.3. Approximating subalgebras. Let us now define approximat¬ 
ing subalgebras Ak^(r}i,...,r),,) of Ak, parametrized by p = (pi,... ,rik) G 
(0,1)^ Set 

(3.54) Ao,() := Aq. 

Having defined Ak-i^fi) define Ak^n to consist of a G such that 
Afc(a) G Ak-i^^, and 

(3.55) (Ja;( a) (x, t) = CTfc(a) (x, 0), for all x G X, f G [0, r^fc]- 
Evidently, Ak is locally approximated by the subalgebras Ak^rj- 
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3.4. Construction of Let us now construct Hausdorff spaces 

(for k > 1 and r]i,... ,T]k-i G ( 0 , 1 )) and ^fc,(r,i,...,r,fc) (for 
k > 0 and rji,... , 17^-1 G ( 0 , 1 )) recursively, together with a map 

(3.56) Hom(Afc, M^) -)■ {hnite subsets of 

we emphasize that the values of this map are sets, not multisets. Dehne 

(3.57) Zo,() := CXq, 

and for a G Hom(Ao, Mm), dehne >S'o,(),m(tt) to consist of all xq G CXq 
for which eva,^ is equivalent to a subrepresentation of a. 

Now, having dehned Zk-i,fj and Sk-i,ri,mi set 

(3.58) yk,fi ■ {i^^k: ^k—l') G Xk X Zk—l^f] I ^k—l G (^fc(^fc))]■, 

where we recall that 6k '■ Xk —)■ Hom(ylfc_i, Mm,.) is the continuous map 
induced by 6 *^: Ak-i —)■ C{Xk, Mm^.)- Next, for rjk > 0, set 

Zk,fj ■ = {{Zk-i^fi X { 0 }) n (Lfc,?? X [ 0 ,? 7 fc]) 

(3.59) n (Xfc X [? 7 fc, 1]))/~, 

where ~ is the equivalence relation generated by the following: 

(i) For every Zk-i G and {xk,Zk-i) G 17, 

(3.60) {zk-i, 0) ~ {{xk, 2 :^- 1 ), 0); 

(ii) For every Xk G Xk and {xk, Zk-i) G 17, 

(3.61) {{xk,Zk-i),r]k) ^ {xk,Vk); and 

(iii) For every Xk,x'i^ G Xk, 

(3.62) {xk,l)r^{x'k,l). 

As this equivalence relation is closed, Zk,fi is a Hausdorff space. Identify 
Zk-i,fi X {0}, 17 ,fjX (0, rjk), Xk X [rjk, 1), and {1} in the natural way with 
subsets of note that Zk^fj is in fact the (non-topological) disjoint 
nnion of these fonr snbsets. 

Now let ns dehne maps 

(3.63) Sk^fj,m- Hom(Afc, Mm) —)■ {hnite snbsets of Zk^fj}. 

For a G Hom(Afc,Mm), let Sk,f),m.{.Oi) be the set consisting of all Zk G 
Zk^fj for which one of the following properties obtains: 

(i) Zk = 1 and evi o Ck is equivalent to a snbrepresentation of a; 

(i) ' Zk = {xk,t) e Xk X [rik,l) and ev(a.^,q o (jk is eqnivalent to a 
snbrepresentation of a; 

(ii) Zk = {{xk,Zk-i),t) G 17,fj X (0,?7fc) and ev(^xk,t) ° (^k is eqnivalent 
to a subrepresentation of a; or 

(iii) Zk = (2:fc_i,0) G Zk^a and a contains a snbrepresentation that 
factors as 

(3.64) Afc A Mm', 

such that Zk-i G Sk-i,fi,m'{a')- 
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This concludes the inductive dehnition of the spaces V, Z, and the 
maps S. 

We may regard W as an “X-£bred” space, with its fibres being 
finite subsets of For a subset A of and for G X^, let us 

write A{xk) to denote the set 

(3.65) {zk-i G Zk-i^n I {xkiZk-i) G A}, 
and for B C Xk, let us also consider the subset 

(3.66) A\b := {{zk-i,Xk) \ Xk e B and Zk-i G A{xk)} C A. 

(Note that, while A{xk) can be canonically identihed with they 

are technically different.) Let us also regard Zk^fj and CXk as [0,1]- 
hbred spaces, and use similar notation: for A C Zk^f), 

^(0) {zk-i I (^fc_i,0) G A} C Zk-i^fj, 

A{t) := {{xk,Zk-i) I {{xk,Zk-i)A) G A} C t G ( 0 ,p), 

A{t) := {xk I (xfc, t) e A} (Z Xk, t G [t], 1 ), and 

(3.67) 71(1) :=M; 
and for B C [0,1], 

(3.68) A\b := {{w, t) | t G [0,1] and w G A{t)} C A. 

It is clear how to define similar notation for subsets of CXk. 

Remark 3.5. A more explicit description of the points in is as 
follows. The points of Zk,fi are tuples {vk^, ■ ■ ■ ,Vkp) where 

(i) Vki G CXk^ with Q < ki < ■ ■ ■ < kp < k', 

(ii) Tfci G CXk^[p^^,i] (or CXq in case ki = 0); 

(hi) Vki = {xki,U) G CXki\{o,^^.) for i = 1,... ,p; and 
(iv) o (Tfc. o -)■ Mk^ is a subrepresentation of 

Oki+A^ki+r) fori = 0, ...,p-l. 

We will refer to this description at times, although we do not use it 
exclusively because the topology is more accessible using the other 
description. 

Under this description, for a G Hom(Afc, M^), the set Sk,p,m{cti) con¬ 
sists of Zk = (Pfci ,... ,Vkp) for which Q'Vvkp ° ^kp ° is equivalent to a 
subrepresentation of a. 

Lemma 3.6. Each map 

(3.69) Sk,fj,m- Aom{Ak, Mm) —)■ {hnite subsets of Zk^p} 

is continuous, where we use the Hausdorjf metric on the set of finite 
subsets of Zk^ff 

Proof. Implicitly, we are fixing a metric d on Zk,fj, giving rise to a 
Hausdorff metric. (By compactness, the topology does not depend on 
this choice of metric). 
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Step 1. Let a G Hom(74fc, M^) and let e > 0; in this step, we show 
that for each G there is a neighbonrhood U of a snch that, 

for all a' G U, there exists z[ G Sk,fi,m{o:') with d{zk, z'f.) < e. We prove 
this indnctively on k, thereby allowing ns to assnme it is trne for k — 1. 
(The base case, where /c = 0, is straightforward.) 

Consider cases: 

(i) \f Zk = f or Zk = {xk,t) for t G (i/fc,!), then this means that 
ev^j, oak is eqnivalent to a snbrepresentation of a. We may then choose 
U to be a neighbourhood of a such that every a' E U contains some 
subrepresentation ev^^ o ak, where z[ G CXk\(r)kA] ^i-nd d{zk,z'^ < e 
(inside Zk^f))- Thus, for such a', z'f, G Sk^fj,m{cti'). 

(ii) If Zk = {xk,rik), then this means that ev^^, o is equivalent to a 
subrepresentation of a. This is essentially the same as Case (i), but we 
need to be a bit more careful. Choose 14 and Ut to be neighbourhoods 
of Xk and t inside Xk and (0,1) respectively, such that the set 

(3.70) iYk^n\u. X {Ut n (0, r^k))) U (4, x {Ut n [%, 1)) 

is contained in the ball of radius e about Zk- We may then choose 
U to be a neighbourhood of a such that every a' E U contains some 
subrepresentation ° <ta:, where x'f^ E 74 and t' E Ut. Thus, for 

such a', if t' > rjk then 4 := {x'f^U') ^ Sk^f},m{c(') and d{zk,z'f.) < e. 
Otherwise, t' < rjk, and for any Zk-i G Sk-i,n,m.S^k{xk))) we have 

(3.71) 4 := {{x'k^Zk-i),t') e Sk,ff,m{oi') 
and d{zk, 4) < 

(iii) If Zk = {{xk, Zk-i),t) ^ X {0,7]k), then this means that 
o ak is equivalent to a subrepresentation of a and that Zk-\ E 

Sk-\,ff,mtX^k{xk))- Let Ux,Uz, and Ut be neighbourhoods of Xk,Zk-\, 
and t inside X^., and ( 0 ,? 7 fc) respectively, such that 

(3.72) ((4, X 44 on,4x4* 

is contained in the ball of radius e about Zk- 

By induction and by continuity of 6**,, there is a neighbourhood U'^ of 
Xk inside Xk such that, for 4 G 44 there exists 4-i ^ Sk-i,fj,mk{^k{xk)) 
such that 4-1 ^ Uz- We may suppose that 4(, C Ux- We may then 
choose 4 to be a neighbourhood of a such that every a' E U contains 
some subrepresentation ov(x'^^t') ° <Xk, where 4 G U'^ and t' E Ut- For 
such a', it follows that there exists 4 •= ((4)4-i)40 ^ Sk,fj,m{oi) 
with (i(4) Zk) < e. 

(iv) If Zk = {zk-i, 0) G Zk-i,fj X {0}, then this means that a contains 
a subrepresentation that factors as 

(3.73) Tlfc ^ A M„, 

in such a way that Zk-i E S'fc-i,j?,n(/d)- 
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By induction, we may pick a neighbourhood id of in Hom(Afc_i, M„) 
such that for every /?' G V, there exists z'^_^ G Sk-i,f^,n{(3') with 

(3.74) d{{zk-i,0),{zi_„0))<e/2 
(inside Zk^f^). 

If (3 is not contained as a subrepresentation of 6k{xk) for any Xk, then 
we may choose U to be a neighbourhood of a such that every a' E U 
contains a subrepresentation that factors as 

(3.75) Afc ^ A 

with /3' G V. 

Otherwise, {3 is contained as a subrepresentation of Ok{xk) for some 
Xk (possibly more than one), and we therefore have a gluing 

(3.76) {zk-i, 0) ~ {{xk, Zk-i), 0) 


for any such Xk- We may then choose U to be a neighbourhood of a 
such that for every a' G U, one of the following holds: 

(a) a' contains a subrepresentation that factors as 

(3.77) Afc A A M„, 

with (3' G V. In this case, there exists z'i._i G Sk-i,fi,n{(3') with 

(3.78) d((zfc_i,0),(4_i,0))<6/2. 

By construction, (^-i^O) ^ Sk^fj,m{.C(')- 

(b) a' contains a subrepresentation of the form ° cr^, where 

t G (0,?7fc) and 0k{x'^) contains a subrepresentation that factors as 

(3.78) dlfc A A M„, 

with (3' G V, and therefore there exists 4-i ^ Sk-i^fj,n{/3') with 

(3.78) d((zfc_i,0),(4_i,0))<e/2. 

We may also ask (by making U small enough) that in this case, d{{{x'f^, z'i,_^),t), (4-i5 0)) < 
e/2. By construction, 4 := ((^^fc) ^-i)’^ Sk,f),m{oL') and 

(3.78) d(4, Zk) < d{z'k, (4_i, 0)) + d((4-i, 0)), Zk) < e/2 + e/2 = e. 


This concludes Step 1. 

Step 2. Let a G Y{om.{ Ak, Mm)- To show continuity at o;, we must 
show that for e > 0, there is a neighbourhood U oi a such that, for all 
a' G f/, the Hausdorff distance from Sk,fi,m{c() to Sk,fi,m{c(') is at most 
e. This can be done using Step 1 and a pigeonhole principle argument. 

Namely, we may associate a non-zero dimension to each Zk G Sk,f),m{,(x) 
such that the sum of these dimensions (counted with multiplicity) is 
exactly m. To be precise, if Zk = (ufci,..., Vk^) as in Remark 
the “dimension” of Zk is D{zk) '■= rrik^- Then, with a bit of 
Step 1, we achieve, for each Zk G Sk,fj,m{c() 


3.5, then 


such that for a' G 


Uz,., there exist Zj^ 


( 1 ) 


care, m 

a neighbourhood Uz,, of a 


Aq) 


e Sk,r),ra{ci') for some 
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q (counting with multiplicity) with d{zk,z^i^'*) < e for each i, and such 
that ^-+ = D{zk). Set 

(3-78) U := r\zt,eSk,f,,M 

Then the pigeonhole principle implies that for a' & U, every G 
Sk,fj,m{c(') is of the form as above for some Zk G Sk,fj,m{(^), and so 
d{zk, z'^) < e. □ 


3.5. Pointwise finite dimensional approximations. For Zk = ..., Vk^) G 

Zk^f) (using the notation of Remark |3. 5 1), dehne Fk^f],zu, '■= and de- 

hne the ^-homomorphism i'k,ri,z^ ■ Ak -)■ Fk,n,z^ by 

(3-79) ^k,n,z^{a) ■= o 


Next, we construct, for each a G Hom(ylfc,Mm) and Zk G Sk,fi,m,{oi), 
a ^-homomorphism iJik,rj,a,z^ '■ Fk,fj,Zk —t Mm- This gives us two *-homo- 
morphisms 


1^0.ouj 


ultimately, our c.p.c. approximations used to prove Theorem |3.1| will 
be built out of these two maps; in fact, the c.p.c. approximations will 
look like 


(3.81) 



®C, 


where F will be a direct sum of certain Fko,fi,Zk^ and "0 will be a corre¬ 
sponding direct sum of the Vko,f),z,,^^- The components of the map 0 will 
be built out of and certain 

The construction of fJ-k,fj,a,z^, is recursive in k. 

For k = 0, Aq = C{CXo, Mmo) and if zq G 50,0,m(a) then this 
means that zq G CXq and ev;^;, is equivalent to a subrepresentation 
of a. We have Po,(), 2 o = Mm^ and z^o,(), 2 o = ev^^. Denote by a' the 
largest subrepresentation of a that is equivalent to a multiple of ev^p, 
which means that there exists a unique /io,{),a, 2 o such that (3.80) is a 
factorization of a'. 

For /c > 0, the dehnition breaks into cases. 

(i) Zk G Zk,fi\[nk,i] = CXk\[ri^,i]-. This means that ey^^oak is equivalent 
to a subrepresentation of a. We handle this in exactly the same way as 
for k = 0. We have Fk^fi,z^ = Mm^ and = ev^^, oak- Let a' denote 

the largest subrepresentation of a that is equivalent to a multiple of 
o ak, and we define Hk,fj,a,z^ to be the unique ^-homomorphism for 
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which (3.80) is a factorization of a'; thus we have a commuting triangle 


(3.82) 






Fk 




(ii) Zk = {{xk,Zk-i),t) e Yk^n x {0,r]k): In this case, Fk^fj^z^ = 
Fk-i,fj,zk-i- Also, Zk-i G S{9k{xk)), so by recursion, we have a map 
9'k-i,rjA{xk),z,.^ - ^ We also know that ev(,,^,p is equiv¬ 

alent to a subrepresentation a. Let a' denote the largest subrepre¬ 
sentation that is equivalent to a multiple of ev(^xk,t), and factorize it 
as 

(3.83) Afc m^. 

Now, set 

(3.84) l^k,fj,a,Zk := P- ° f^k-l,fiA{xk),Zk-l '' 

Diagrammatically (and leaving out some subscripts), we have 


(3.85) 



= Fk-i^^M, 


a' 



fk' 


M 


TUkl 


where the bottom triangle approximately commutes (it exactly com¬ 
mutes when restricted to Ak-i^fj) as dehned in Section 3.3). 

(iii) Zk = {zk-iA) e Zk,fi- In this case, Fk,f),zk = Fk-i,fj,zk-i and 
^k,fi,zk = ^k-i,fi,zk-i ° ^k- Then, a contains a subrepresentation that 
factors as 

\ / . / 

Afc, 


(3.86) 


Ak 


Ak-i 


Mrr 


M„ 


such that a' is unital, p' is injective (usually non-unital), in such a way 
that Zk-i G Sk-i,fj,m'{<^')- Take the largest subrepresentation of this 
form, i.e., let m' be maximal satisfying these conditions (note that this 
uniquely determines a', up to unitary equivalence). 

By recursion we have a map iJ^k-i,fj,a',Zk-i • Fk,rj,zk Mm'- Set 

(3.87) IJjk,fj,a,Zk ■ P ® ^^k—l,fi,a',Zk—i • Fk^fj,Zk t Mm- 


Diagrammatically, we have the commuting diagram (3.85) (with m' in 
place of TTik), except that in this case, all triangles commute exactly. 


Lemma 3.7. For a G IIom(ylfc, M^), and a G Ak^fj (as defined in 
Section\3.3\), 


(3.88) 


^ ^ 9'k,ri,a,Zk ° ^k,ri,ZkiF}- 
Zk ^Sk^fj,m (<^) 
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In particular, 

(3.89) • Oi{a) = p,k,fi,a,Zk ° 

and 

is a partition of unity in Mm (consisting of orthogonal projections). 


Proof. This is proven by induction on k. In the case fc = 0, it is trivial. 

Suppose that the statement holds for A; — 1 . Let a G Ilom(Afc, Mm). 
The map a decomposes as follows: 

(3.91) a = Ad{u) o diag(ev^, o ak, ev^^ o ak, a o A^), 

where Vi,... ,Vp G CXk\{p^i\ and a' G Ilom( 74 fc_i,M^') for some m'. 

By possibly reordering, arrange that 


(3.92) V\,... ,Vpi G and Vpij^\,... ,Vp G CXk\(^o^p,,y 

Let us assume that Vi,...,Vp are distinct; this is only to simplify 
notation—if the Vi are not distinct, the following argument still works 
provided we keep track of multiplicities. 

For i = 1,... ,p', we have n* G Sk,fi,m{c() and 


-h'k,fj,Vi Aim ].,; 

^k^ff,Vi Vi ^ 

f^k,fj,a,Vi A.ci('u)o 

(3.93) diag(0m^,... ,0^^ ) 5 Orrife 5 • • • 5 Omj,, Om ') 5 


by (3.82). Thus, for a G Ak, 

(3.94) Pk,fi,a,Vi ® Fk,fj,Vi{fl) CiOtia), 


where 


(3.95) Cj . A.d('u) (diag(0mj,) • • • , Om^) dm],, ■ ■ ■ , dm],, dm')), 

with the Imfc appearing in the zth position. 

For i = p' + 1,... ,p, write Vi = ,ti). Then for every Zk-i G 

5fc-i,f^,mfe(4(4*^)), 

(3.96) {{xf^ ,Zk-l),ti) G Sk,r),m{<y). 

By induction, for a G Ak^pi since Afc(a) G Ak-i^p, 

h(xf){X^{d)) 

^k — l ^^k — l 


° (-^fc(a))- 
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By (|3.84D, for Zk-i e 


^k-i,zk-i ° h, and 




= Ad(M) o diag(0™,,..., 0^,, /i 




(3.98) 


Orrifc ; ■ • • 5 ) Om')' 


Thus, defining e* again as in (3.95), for a G Ak^fj, we have 
eia(a) = Ad(M) o diag(0,..., 0, o crfc(a), 0,..., 0, 0) 


^ Ad(M) o diag(0,..., 0, ev « oOkO Afc(a), 0,..., 0, 0) 

‘^k 

Ad(M) o diag(0,..., 0, 


(3.99) “ 


° 

0 ,..., 0 , 0 ) 

^k — l^^k — l (dkixk)) 


Next let us consider a'. Sk^fi,m{.oi) contains Sk-i,fi,m'{.oi') x {0}, and 
by induction, for a G since Afc(a) G Afc_i 

(3.100) a'(Afc(a)) = E ^k—l,ri,Zk—i Afc(ci). 


By ( |3.87D , for Zk-i G S'fc-i,fj,m'(«')! 

k'k,fj,{zk-i,0) k'k—l^fi,Zk-i ° aud 

(3.101) fj,a,{zk—1,0) Ad('u) O diag(0nij,, . . . , O^ij,,/4fc—) ) • 

Dehne 

(3.102) e' := Ad(M) o diag(0m^,..., 0^^, 1^/). 

Then, for a G Ak^f^, 

ea{a) = Ad(M) o diag(0,..., 0, a'o Afc(a)) 

Ad(M) o diag(0 ,..., 0, 

^ ^ /4fc-l,j?,a',2fe_i ° Pfc-l,f;,2fc_i ° Afc(ci)) 

< 3.1011 . X 

~ / . ^^k,r),a,{zk-l,0) ° ^k,ri,{zk-i,0)W- 

Zk-i(iSk_i^f,^^i (a' 


(3.103) 
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Putting these together, for a G Ak^fj we have 


P' P 

i=p'+l 

E 


(3.941,(3.991, 


(3.1031 


((3T02I 


2 = 1 


■^fc— {6}j^{x^ )) 

hA:,f|,a,(2fc_i,0) ° ^fc,f;,(zj,_i,0)(®) 

(a') 




P P 

^eja(a)+ ^ eja(a) + e'. 

i=l i=p'+l 


a a 


a a 


Since iik,fj,a,zu is a ^-homomorphism, (3.90) is a family of projections. 

□ 


3.6. A partition of Zk,fj- We now partition Zk,fj into sets 
(3.105) 


ry^ 

) ^k,f),k'> 


where we dehne y 

to ko- 

For fc = fc' = 0, set 


by hxing k' and using recursion in fc, from k' 


(3.106) := Z„,„. 

For k = k' > 0, set 


( 3 . 107 ) Zi,u ■■= 

For k > k', dehne to consist of: 

(i) {{xk,Zk-i)A) e Yk^fj X (0,77fc) such that 

(3.108) Zk-i e and 

(ii) (^A:-i,0) G Zk-i,fi X {0} such that 


(3.109) 
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Likewise, let us define 


_ ry 

^ 0 , 0,0 •— ^ 0,0 

^k,f),k > 0 (compare, = Zk^fj\[ri^.,l]), 

Z*k%k' ■= {{{xk,Zk-i),t) e X (0,%) I Zk-i e 
(3.110) U {{Zk-i, 0) e Zk-i,f^ X {0} I e 

Observe that Zl*^, C y and Zl\y is open in 


Lemma 3.8. (i) In the notation of Remark 3.5, Zl^^ y consists of 
points Zk = (ufci, • • •, Tfcp) G Zk^n for which ki = k'; for k' > 0, the 
points in Zl*^ f^, are the ones that additionally satisfy Vk^ G 

(ii) 


(3.111) 


Zk,f) - ]J 


k'=0 


Proof, (i) is easily proven by induction on A;, and (ii) follows immedi¬ 
ately. □ 


The map {a,Zk) iJ,k,y,a,Zk has a certain continuity property, which 
is expressed in the following lemma. 


Lemma 3.9. For a G Hom(y4fc, Mm) and 

(3.112) Zk e Sk,^,M n 

and for e > 0, there exist neighbourhoods Uz^ (respectively Ua) of Zk (a) 
in Zl*fj f^, (Rom{Ak, Mm)) such that the following approximation holds: 
For every a' G Ua and every contraction k G Mmy, 

(3.113) Rk,fi,a,Zki.^) ^ ^ Rk,fj,a',z'i^{f^) ■ 

Proof. Decompose a: 

(3.114) a = Ad{u) o diag(ev^i oak,.. • ,ev^p oak,/3o A*,), 

where Vi,... ,Vp G CXk\(p^i], and /3 G Hom(74fc_i, M^.') for m' = m— 
pmk. 

Let us prove the statement inductively on fc > k'. For k = k' = d, ii 
is quite easy—and uses the same idea as the case A; = A;' > 0 which is 
done in detail next. 

For A; = A:' > 0, assume that the Vi are ordered so that vi = ■ ■ ■ = 
Vp! = Zk and Vi ^ Zk ioi i = p' + 1,... ,p (thus p' > 1). 

Let Uzf. be a neighbourhood of Zk in CXk\[p^.^i] such that Vi ^ V for 
i = p' + 1,... ,p (we identify this with a subset of Z(*f^ ff). Then dehne 
Ua to consist of all a' G Hom(ylfc, Mm) that are of the form 

(3.115) a' = kdiv!) o diag(ev^/ o ak, ■ ■ ■, ev^/ o ak, /3) 

1 p' 
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where u' is a unitary near to u, ■ ■ ■ ,Vp, G 11^^.-, and (3 G Hom(Afc, Mm-p'mt,) 
does not contain ev^ o (jfc as a subrepresentation for any v eV. Then 
Ua is a neighbourhood of a. 


For a' E Ua, let us write a' as in (|3.115|), so 
(3.116) 


Thus, 


(3.117) 


) Fl U Zf, . . . , Tp/}. 


zj^ 

P' 

— y kk,fj,a',v'X^) 

i=l 

= Ad(M')(diag(A, ..., k , Om-p'mJ 
Ad(M)(diag(K ,..., k, Om-p'mJ 

= k'k,fi,Zk{^^)j 


thus establishing (3.113). 


For k > k', let us consider two cases. 

(i) Zk = {{xk,Zk-i),t) E Yk,p X (0, ?7fc): In this case, Zk-i E 
Referring to the decomposition in (3.114), we may assume that the 


Vi are ordered so that Vi = ■ ■ ■ = Vp/ = {xk,t) and Vi ^ {xk,t) for 
i = p' + 1,... ,p. 

By induction and by continuity of 6k, there exist neighbourhoods 
Uzk-i) Uxk of Zk-i, Xk respectively (the neighbourhood Ux^ arising from 
a neighbourhood of 9k{xk)), such that, for every G 74 j , and every 
contraction k G Mm.,, 

(3.118) 

k'k-i,fi,ek{xk),zk-S^) ~e/p X] kk-i,nA{x'^)U^_S^^' 


Choose a neighbourhood V C 74^, x (0, r/^) of {xk,t) such that Vi^V 

for i = p' + 1,... ,p. Dehne 

(3.119) 

Uz^ ■■= {(«>4-i).^') e Rm X {o,pk) I (4,C) G R,4_i G Uz,_j. 

Then dehne Ua to consist of all a' G Hom(Afc, Mm) with a decomposi¬ 
tion 


(3.120) a' = Ad{u') o diag(eVj,' o ak, ■ ■ ■ ,v'p, o dk, 4) 

where u' is a unitary near to u, v'^,..., v^, E V, and (3 E Hom(A, Mm-p'mk) 
does not contain ev^ o cifc as a subrepresentation for any v E V. Our 
set-up ensures that Ua is a neighbourhood of a. 
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To see (3.113), let ol G Va be as in (3.120) and let v\ = for 

each i, so that 


(3.121) Sk,r],m{oi) n t/zj, — \ Zi._i G Ri}, 

i=l 

where Ri := {z[_^ G \ (4*^4-i) ^ Yk,fj}. For z'^_^ G Ri, by 

(|3.84[) we have 




(3.122) 


Ad(M') o diag(0,..., 0, 0,..., 0, Om-p'mJ, 


where the non-zero entry is in the position. By (3.118), it follows 
that 






(3.123) 

~e Ad(rt )(diag(0, . . . , 0, 0) • ■ ■ ; 0? ^m—p'mk))- 

Thus, 

^ ^ f^k,fj,a',z'^{^) 

p' 

4-l6-Ri 

~e Ad(M )(diag(lp/ ® . Om-p'mfe)) 

(3.124) 

(the approximation is within e because the errors, each of norm at most 


e, are orthogonal), which establishes (3.113). 


(ii) Zk ( 2 fc_i, 0) G Yk^ri ^ (O)hfc)' Then G Zi^_^ ,^ f,i(~]Sk—i,p,m'(,(^') 
(referring to the decomposition ( |3.114 )). By induction, there exist 
neighbourhoods of Zk-i in and of (3 in Hom(Afc_i, Mm') 

such that for every (3' & Up and every contraction k G M^y, 


(3.125) 




Here we need to be particularly careful about our choice of neigh¬ 
bourhoods, to take into account the possibility that (3 o Xk can be 










52 


G. A. ELLIOTT, Z. NIU, L. SANTIAGO, AND A. TIKUISIS 


decomposed differently, involving point evaluations on CXk\[o}. For 
each q E N, consider the set 

K, := e U{M^,) X X Hom(Alfc_i,M,„,_,„J | 

(3.126) 

Ad(T) o diag(ev^^a)^Q^ oak,..., oak, jo h) e 17^ o A^}. 

Since 

{v,x^^\...,x^^\j) ^Ad(T) odiag(ev^^(i)Q^ oafc,..., 

(3.127) o o-fc ,7 o Afc) 

is a continuous map into Hom(Afc_i, M^/) o A^, the set Vq is open. Let 
rj' < fjk be such that Vi,... ,Vp G CXk\(n',i]. Dehne 

^ •= ° oak,.. oak, JO \ 

<jeN 

(3.128) {v,x^i}\...,xl^\j) e Vq and h,... ,tq e [0,r/')}, 

so that hF is a neighbourhood of (3 o \k in Hom(Afc, Mm'). 

Set 

Ua := {Ad(T) o diag(ev^„^ oak,..., evwp o ak, /3) | 

(3.129) Wi,...,Wpe CXk\{p',l],P eW,v E U{Mm),v ^e/s u}, 
which is a neighbourhood of a, and set 

Uz^. ■= Uzf._.^ X {0}U 

(3-130) {{{xk,z'k_^),t) E Yk,p X {0,7]') I 4_i e Uz^_,}, 

which is a neighbourhood of Zk. 

Let a' E Ua so that 

(3.131) a' = Ad(T) o diag(ev^j oak,.. • ,ev^p o ak,P), 

for some Wi,... ,Wp E CXk\(pi^i], some ^ E W, and some v E U{Mm) 
with 

(3.132) V ~e /3 u 
Thus, 

(3.133) 13 = Ad(tc) o diag(ev^^a)^^^^ oak,..., o(Tk,jo Xk) 

where q eN, {x^^\ti) E CXk\[o,j), J E Hom(Afc_i, and these 

satisfy 

(3.134) 

:= Ad(w) o diag(ev^^a) oak,..., g) oak,jo A^) eU^o X^. 
Set 

(3.135) w' := diag{lpm^,,w) E U{Mm), 
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SO that /3 corresponds to the subrepresentation 

(3.136) Ad{vw') o diag(0pm^^, ev^^a) oak,..., q) h) 

of a. Note that 

(3.137) /3' = Ad(w) o diag(0fc(2:i^^), • • •, Ok{xl^^),j) o A^, 


and since Xk is surjective, it follows from (3.134) that 
(3.138) /?' := Ad(M;) o diag(0fc(4^^),..., 4(4''^), d) ^ Up. 

We compute 




2=1 


where for i = 1,... ,q, 

(3.139) 

I 4-1 e Sk-i,f^^mu{9k{xf)) n 
{(4 -dO) I 4-1 e ^fc-ifl,m44(4*^)) 


Ri := 
and 


if ti > 0; 
if ti = 0, 


(3.140) 


R-y ■ {(^fc-l)O) I ^k-l ^ Rk-l,ri,m'-qmk{'y) 71 Uz^._^}. 


For z'f. e Ri, let = (xfc,^-!,^*) if ti > 0 or =_(4-d 0) if U = 0; 
we see that G Sk-i,fi,m'{.l^') 71 Uz^_^. Then by (3.84) (in the former 
case) or (3.87) (in the latter), and using w' as defined in (3.135), we 
have 


(3.141)= Ad(nrc ) o diag(0(p_|_i_i)rrn,, ^,dm-(p-i)mk) 
For z'^ = (4-1) 0) ^ Ri) by ( |3.87| ), we have 


(3.142) ^k,rj,a,z'^ Ad(n'Ul ) O diag(0(p-|_q)m(j ) P-fc— l,r7,7,z^_j^) 

From these computations, we see that 



Pfc,J7,o',z^ (^) 




l|3.125|l 

l|3.132|l 



^ 2 Ad(n)(diag(0pmj.) l-^k-i,ri,p '(^))) 

Ad(n)(diag(0p,^,,Pfc_i,p,^,^,_,(A))) 

Aci('u) (cii3)g(0p772fc 5 f^k—i,fi^i3,Zk_i (^))) 

f^k.,f},a.^Zfi. (^) • 


□ 
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3.7. Construction of For k' < k and / G 

define 4,T?.fe'(/): x [0,T]k) by 

(3.144) 


k'k-l,rifik(xk),zi,_i\J \^k-l) JJ) 


if t > 0; 
if t = 0. 


where the snm is taken over all 
(3.145) e Sk-i,n,m,{ek{xk)) n 

(i), the domain of 


3.1 


By Lemma 
snch Zk-i- 

Lemma 3.10. For k' < k, ^k,f),k' defines a * -homomorphism 

(3.146) Co{Zl*^ f^,,Mmy) —^ Co{Xk x f),pk)-,Mm^) 

Proof. That fk,ii,k' is a *-homomorphism follows from the fact that in 
(3.144), the right hand side is a snm of *-homomorphisms (applied to 
/) with orthogonal ranges (by the last part of Lemma 3.7| ). 

We need to show that fk,fj,k'{f) is continnons and vanishes at inhnity, 
for every / G Co{Zl*^ f.,, For continnity, let (x^, t) e XkX [0, rjk), 

e > 0. Let 


(3.147) 


n zr_,.,r = {4-1. ■ ■ ■. 4-i}- 


dp) 


By Lemma 3.9, there exists a neighbonrhood V of 0k{xk) in Hom(74fc_i, Mm^) 


and, for each i = 1,... ,p, a neighbonrhood Ui of in snch 


that for a G 17 and each contraction k G M, 


myi 


(3.148) 




where the snm is over all G Sk-i^fj,mk{.C() Fl Ui. 


By p ossi 
Lemma 3.6 


Dly shrinking the f/j, arrange that they are disjoint. By 
if a is snfficiently close to 6k{xk) then 


(3.149) Sk-l,rj,m,,{(x) n ~ fl Lj. 


2 = 1 


By possibly shrinking 17, arrange that (3.149) holds for all a G 17. 

Let IF be a neighbonrhood of {xk,t) in Xk x [0,rik) snch that, for 
ix'uA') G IF, the following hold: 

(i) dk{x',) G F; 

(ii) If f > 0 then F > 0 and for ((x),, 2 :(._i), F) G there exists i 

(necessarily nniqne) snch that G Ui and 


( 3 . 150 ) 


/((Tfc,4_i),t) ^,/p /((Xfc,4_i),F)- 
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(iii) If t = 0 and > 0 then for G , there exists 

i (necessarily unique) such that z'^_^ E Ui and 


(3.151) 


/(4-dO) -e/p /((a;;,4_i),t')- 


(iv) If f = 0 and f' = 0 then for 4-i ^ there exists 

i (necessarily unique) such that 4-i ^ Ui and 


(3.152) 


/(4-l,0) ^e/p /(4-i,o). 

Now, for (4, t') E W, let us show that ik,fi,k'{f){xk, t) ^ 3 ^ 4,i?,fc'(/)(' 
Suppose hrst that t,t' > 0. Then for each i = 1,... ,p, 





l|3.148ll 
— e/p 

E 








l|3.150|l 
— e/p 

E 




(3.153) 


h'fc-i,j?,4(4),4_^ (/((4! 4-1);^ )) • 

Thus, 


^k,fi,k' (/) (tA;, t) 


l|3.144|l,||3.147|l , ,, (i) . , . 

i=l 


l|3.153ll 

—2e 

P 

i=l 


(3.154) 


(|3.149|l 


(|3.144[l 


/^fc-l,r;AK),4_i 4-l)) ^0) 


The argument is almost exactly the same in other cases (if f = 0 and 


t' > 0, or if f = 4 = 0), using (3.151) or (3.152) in place of (3.150) 


This concludes the proof that ^k,ri,k'{f) is continuous. 
To see that ^k,fi,k'{f) vanishes at inhnity, note that 


(3.155) 


lim 

t^Vk 


\K%,k'\iJ - 0 ’ 
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and so, by (3.144), 

(3.156) 

as required. 


lim Uk,n,k'{f)\x^x{t}\\ = 0, 


□ 


Upon identifying with CXk\[rj^,,i] for A; > 0, we also define 

(3.157) ^ C(CXt, M,„J 

to be the inclusion. Likewise, ^o,(),o: C'o(-^o Q O’ C{CXq, 
is dehned to be the identity map. 

Now, for 1 < A;' < A:, we dehne 


ik,fj,k''- Mmy) —t Ak'-l® 

(3.158) C{CXk', Mmy) © • • • © C{CXk, M^f.) 

by 

^k,fj,k' (/) : = , ^k',fi,k' if I z*; _ ), 

(3-159) ik'+i,fi,k'{f\zi;^_^_^,), ■ ■ ■ ,ik,-n,k'{f)), 

where we are viewing Zp, - as a subset of Z^*- for k" = A:',. 
by identifying 


A: —1, 


(3-160) with Z^-,,,,1,0, 

and so on. 

For k' = 0, we dehne ik,ri,k' by more or less the same formula, except 
that its range is C{CXo, Mmo) © • • • © C{CXk, MmJ. 


Lemma 3.11. The image of ^k,fi,k' is contained in Ak- 

Proof. The proof consists in showing, by induction on A;, simultane¬ 
ously both the statement of the lemma and that, for m G N, a G 
B.om{Ak,Mm), and / G Co{Zl*f^j^,,Mmy), 

(3-161) tt(6,fj,fc'(/)) =^Pk,n,a,zMi^k)), 

Zk 

where the sum is taken over all 


(3.162) ZkeSk,n,MAZl*^^^,. 

The case k = k' is trivial. 

For the inductive step, note that 

(3.163) ^k,fj,k'{f) = ^k-l,rj,k'{f\zi*_^_^,) ©4,i?,fc'(/)i 

so that, to show that the image of is contained in Ak, we must 

show that 

6'fc(^fc-l,f7,fc'(/k*li - j,,)) = 6.f),fc'(/)UfcX{0}- 


( 3 . 164 ) 
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For Xk e Xk, 


ik,r^,k'{f){Xk,0) — (/(^fc-1, 0)) 


Zk-1 


Ok{xk){^k-i,f^,k'{f\zi*_ ,)) 


- Oki^k-i,i),k'{f\zi*_^_^^,)){xk), 


(3.165) 

where we have used induction for the second line. This establishes 

(|3TM. 


Now, to show (3.161), let a G Hom(74fc, M^), and decompose it as 

(3.166) a = Ad(n) o diag(ev^i oak,. ■ ■, o ak, P o Xk), 

where Vi,...,Vp G CXfc|(o,i], and (3 G Hom(y4fc_i, M^') for some m'. 
Assume that Vi,... ,Vp are arranged so that vi,..., Vpi G CXk\[p,.^i] and 

'^p'+l, • • • ,^p ^ C'X k\(fi^r]^,') ■ 

Fix / G Co{Zl*-y,M^^,). For i = 1,... ,p', 

(3.167) e^viO (JkO ^k,v,k'{f) = 0. 

For i = p' + I,... ,p, \et Vi = e Xk x (0, pk)- Then 

eV^, O CTfc O ^k,p,k'{f) 

L,fi,k'{f){xl\ti) 


(3.168) 


^^k-lrnA{xk),zk-, (/((4^ Zk-i),t)), 


so that, by (3.84), 

diag(0^^^,..., 0^^^, ev„. o cr^ o ik,f),k'{f) , Omfcj ■ ■ ■ ; Omfc, 0^,') 

(3.169) 

Summing over i gives 

(3.170) (1 - e')a(^M,fc'(/)) = 

where e' := Ad(M)(0mj.,..., 0^^., Im') and the sum is taken over all 
(3-171) Zk G Sk,f),m{cx) n 1(0,1] • 

By induction, 

(3.172) I3{ik-i,fi,k'{f\zi*_^ ,)) = /^fc-i,)7,/3,2fc_i {f{zk-i, 0)), 


^k-i 


where the sum is taken over all 
(3.173) Zk-i G Sk-i,f,,m'{l3) n 
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By (3.87), it follows that 

C (/)) 


(3.174) 


(Omj, 5 ■ ■ ■ ; Omj, 5 o Afc o (/)) 

^ ^ f^k,fj,a,{zk){f i^k)) j 
Zk 


where the sum is taken over all 


(3.175) 


Zk e Sk,fj,k'{(y) n 


Combining (3.170) and (3.174) yields (3.161). 


□ 


3.8. Maps related to changing parameters fj. Our construction 
will involve using different given by varying the parameters fj. We 
will need to relate these spaces, and for this we dehne maps between 
them. 

Let r]i,...,r]k,r][,...,r]'i^ e (0,1) with r]i > r]-for i = 1,k. Let f] 
and f]' denote {rji,..., rjk) and (//(,..., ?](,) respectively (or (r/i,..., rjk-i), 
{ri[,... as appropriate). We shall now construct maps 


(3.176) 

Pk^r}.,r)^ • ^ 

For k = 0, set 


(3.177) 

Po,(),() := idx(o) 


Having dehned let us dehne Pk,fj,fi'- We do this in cases: 

(i) For Zk e simply set 

(3.178) Pk,fi,fj'i^^k) • i^^k)- 

(ii) For {{xk,Zk-i),t) e Yk,fi x [p'k.Pk), set 

(3.179) Pk,fj,fi'i^ip^ki Zk—]^ it') ■ ip^kit)- 
(ii)' For {{xkiZk-i)it) G x (0,?]^), set 

(3.180) Pk,fj,rj'i^iXki Zk—\) it) . {^{Xki Pk—l,fi,fi'{^Zk—\)) it). 


By (3.184) (with fc — 1 in place of k, i.e., using induction on k) we see 
that 


(3.181) 


Pk,ri,rj'ijZki Pk—l,ri,ri'i^Zk—l)) G Yk^p ^ 


SO that the right-hand side of (3.180) is in Zk^fj'- 
(hi) For ( 2 :^- 1 ,0) G Zk-i,f) x {0}, set 

(3.182) Pk,f^,fi'{,Zk—li t^) • (Pfc—(^fc— 1 ) ) 0) • 

Here are some easy facts about the maps Pk,ri,rj'- 


Lemma 3.12. Let k,f],f]' be given as above. 

(i) pk,ri,fi'- Zk^fj —t Zk^fj' is continuous. 

(ii) If p'{,... iPk G (0,1) are such that p” < p[ for each i then 

(3.183) Pk,f),f)" Pk,fj',fj" Z Pk,'rj,f)'■ 
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(in) For each m and a G Hom(74fc, Mm), 


(3.184) 


Pk,r),ri'i^S}~,qmiS-^)) Sk,r]' ,m(^^) and 


Proof, (i), (ii): These are easy inductive arguments. 

(iii) By induction on k] the case A; = 0 is easy. 

For the inductive step, let a G Hom(ylfc,Mm). By induction, Cases 
(ii)' and (iii) of the dehnition of Pk,f),fj', and Cases (ii) and (iii) of the 
dehnition of Sk,fj,m{oi), we see that ( 3.184[ ) holds when both sides are 
restricted to [0,r]'if). It is also clear, from Case (i) of the dehnition of 
Pk,r^,fi' that ( 3.184D holds when both sides are restricted to [rjk, 1]. 

Finally, Case (ii) of the dehnition of Pk,f),fj', together with Cases (i)' 
and (ii) of the dehnition of Sk^fj,m{oi) shows that ( 3.184[ ) holds when 
both sides are restricted to [ri(,Pk)- D 


Lemma 3.13. Let rj,rj' be as above. Let a G }lom{Ak, Mm) and z'^ G 
Sk,fj',m{s^) ■ Then 


(3.185) pk,r]',a,z'^.iX) 'y ^ Pk,ri,a,z,,iX)- 

2feep-h{4}) 

Proof. We prove this by induction on k. In the base case, /c = 0, it is 
trivial since f] = {) = f]'. 

For k > 0, consider cases. 

(i) If 4 ^ = Zk,ij\[vk,i] (see Case (i) of the dehnition of 

Pk,fi,fi') then Pk}i^fjf{Zk}) = {zk} and Pk,f)',a,z'^ = Pk,fi,a,zk, so the result 
holds in this case. 

(ii) If 4 = {xk,f) G Zk,f)'\\r)'^,,rik)) then by Case (ii) of the dehnition of 
Pk,fj,fj' ? 


(3.186) Pkij,fj'i{4}) = {{{xk,Zk-i),t) I Zk-i G Sk,ij,mS9k{xk))}. 

Let a' \ Ak ^ Mm be the maximal subrepresentation of a that factors 
through ev(a,^_p o ak- Then by ( |3.82D , 


(3.187) 


Pk,ri',a,z', Z O'T ° (^k, 


and so, by ( |3.84D , for Zk-i G Sk,n,mA(^k{xk)), 

(3.188) pk,fj,a,{{xk,Zk-i,t) — pk,fi',a,z'^ ° Pk-l,fl,ek{^k),Zk-l' 


By the hnal statement of Lemma |3.7 
(3.189) 


Im*. 
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and thus, 


(1 rrik) 

Z . 

l^k,f)',a,zt, O hfc-l,j;,4(xfe),2fe_i (1) 



(|3.188|l 

/^fc,»?,o,(Cfc,2fe_i),t(l) 



2fc-l 

(3.190) 

l|3.186ll 

'y ^ /Ifc,»7,«,2fc,i(f)) 





as required. 

(iii ) If 4 = ii^k , 4-i )) f) ^ X (0,i7fc) then, dehning /i' as in 
(3.83), we have by (3.84) 

(3-191) /im', 2^ = h ° hfc-l,f;',eJ,(xfc),2^_y 

Every Zk e Pfc is equal to {{xk, Zk-i),t) for some Zk-i G Pfc4,f|,f|'(4- 

and for such Zk we likewise have 

(3-192) hfc,r|,2fe := 4 O hfc-l,fj,4(a;;,),2fc_i- 

Therefore, in this case, the conclusion follows from the inductive hy¬ 
pothesis. 

(iv) If 4 = (4-1)0) G Zk-i^fj' X {0} then dehning a' and jj! as in 
Case (iii) of the dehnition of iJik,fi,a,Zki we have by (3.87), 

(3.193) ^^k,fj',z'i_ - /I ^^k—l,fj',a',z'f,_^- 

Every Zk G Pfcl,^j/(4) is of the form {zk-i,0) for G p4i,f;,f7'(4-i)) 
and for such Zk we likewise have 

(3.194) fJ'k,fi,Zk -= h ° - 

So once again, in this case, the conclusion follows from the inductive 
hypothesis. □ 


3.9. Open covers. Now £x 77 G (0,1/2) and let us use rj or to 
denote {r],... ,ri). Further, write 

(3.195) ^'':=(277,...,277)g(0,1)'^ 
and 

(3.196) 4'^"" := ( 77 ,...,//, 277,..., 2r/) G (0,1)'='+'^", 

where rj appears k' times and 27/ appears k" times. 

We shall construct open covers Uk of Zk^fj- These will depend on 
a prescribed hnite subset of Ak^^fj and a tolerance 5 > 0, although 
this dependence is suppressed in the notation. For simplicity, all open 
covers will be hereditary, i.e., closed under taking open subsets. 
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First, for each k, choose a hereditary open cover Vk of CXk such that, 
for each a E X, the function (Jk o A^p(a) is approximately constant, to 
within S, on each set in Vk, i.e., for V EVk and Vk,v'i, E V, 

(3.197) ak o Af;^(a)(nfc) ^5 ak o Af;^(a)(n(,). 

Let us dehne k/k recursively over k. For k = 0, set k/g := Vq. 

For k > 1, set to the set of all open sets U E Vk which are 
subsets of CXk\(r^i]. Identifying CXk\(ni] with Zkfi\(rii], let us view 
Wh as a family of open subsets of Zk^fi- 

Set equal to the collection of all open sets U El Zk^fi\[o, 2 r}) such 
that the following decomposition holds: We may decompose 

(3.198) ft],.n ... U ft 

such that Vi, ... ,Vp are open in Zk,(p,...,rj, 2 ri), and for each i = 1 ,... ,p, 

(3.199) 

17 ( 0 ) U {zk-i I {{xk, Zk-i),t) E Vi, some Xk E Xk,t E (0, 27])} E Uk-i. 

Now set 

(3.200) Uk-.= uf^yiuf. 

Lemma 3.14. For k>l, 7/^^^ (respectively ) is a hereditary open 
cover of Zk^rjlitj,!] (respectively Zk,fi\[o, 2 r)))- Therefore, Uk is a hereditary 
open cover of Zk,p- 

Proof. Using the fact that Vk is a hereditary open cover of CXk, we see 
that is an open cover of Zk,rj\{p,i]. The rest of the lemma is proven 
by induction; at the outset, we know that kkg is an open cover of Zg^]). 
Now let us assume that Uk-i is an open cover of Zk-i^n, and prove 

that uj^'^ is an open cover of Zk^ri\[o, 2 ri)- Fix Zk E Zk^p\[o, 2 r]), and let us 

(2) 

argue that it is contained in a set in k{( ^ in cases as follows: 

(i) Itzk = {xk,t) E XkX[p,2p), write Sk,p,mk{^k{x)) = {4-ii • • ■ Xk-i} ^ 
Zk-i^p. By the inductive hypothesis, choose IFi,..., Wp E Uk-i that 

are disjoint, with G Wi for each i. By continuity of Sk^ri,mk ° ^k, 
there is a neighbourhood U of {xk,t) in CXk such that 

(3.201) IJ Sk,p,m,mxi,t')) C IFi U ■ ■ ■ U IFp. 

(4,toed 

Set 

U :={{{x},Zk-i),t) E Yk^p X (0,t/) I {x},t) eU] 

(3.202) U{UnXkX[ri,2p)). 

Then, by construction, U E {pu = p and the sets Vf/^,..., 
are preimages of lUi,..., Wp) and {xk, t) E U. 

(ii) If Zk = {{xk, Zk-i),t) E Yk^fj X {0,p), we do the exact same thing 
as in (i). 
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(iii) For (zfc_i,0) G by the inductive hypothesis, there exists 

a neighbourhood W of Zk-i such that W G Uk-i- Set 

(3.203) t/ := fF X {0} U 4-i), e Yk,^ x [0,7;) | 4-i e IF}. 

/'o\ 

By construction, U eUI {pu = 1) and {zk-i-,^) eU. □ 

Lemma 3.15. Let U ElAk- Then we have a decomposition 

( 3 . 204 ) p-y^{U)^W,U---UW, 

where, for each i = 1,... ,q, there is k{i) G {0,..., /c} such that the set 

(3.205) Wi •= (fFi) 


IS open component of 


(3.206) 

and for a E T and Zk, z',^ E IF 


* — fc,j7'“W2r) ^ LA;(i)’ 


(3.207) 


^k,rj'^E)2rf F.r7'=6)2n'' ,,t{^ko{o)) 




k,7i^Y)2r} 


in M, 




Proof. Let us use induction on k. For k = 0, the conclusion is trivial 
(with g = 1). For A; > 1, we consider cases as follows. 

(i) If F G then by dehnition, U E We may therefore set 

(3.208) <? = 1, fFi = U, A:(l) = k. 


(ii) If F G U^\ then let Vi,... ,Vp be as in (3.198). Fix i for the 
moment. Set 
(3.209) 

F/ := Vi{ff)\j{zk-i I {{xk,Zk-i),t) E F,some Xk E Xk,t E (0,24} EUk-i- 


i.e., exactly the set appearing in (3.199). By induction, we have the 
decomposition 

„-i 


(3.210) 


^k-iprf \r] 


, (V') = IF'i If ■ ■ ■ If IF' , 

1 iyfc-l y I j 1,1 ^ J-L vv J , 


and we can hnd k{i,j) G {0,..., A; — 1} for j = 1,..., g* such that the 
set 


(3.211) ■ Pk—l,2rf ^^ *6.1) (IF),j) 

is an open component of 

(3-212) ri/j ■ ^ z. 


IF',. cz;4 
0 


zHipy 


and for a E T, Zk-i, 4-i ^ 
(3.213) 
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Define Wij C to consist of all 




(3.214) 

such that Zk-i G together with all 

(3.215) 


{{xk,Zk-i),t) e 




(hi) I ( 0 , 7 ?) 


such that Zk-i G 

Then Wij is the preimage of a component of 

under the continuous map Z^_^_^t^i^^)^k-k(i,j)-i 

defined by {zk-i^Gi) Zk-i and {{xk, Zk-i),t) i—)■ Zk-i- The set Wij is 
therefore a component of 

(3.217) 


^fe,7?'“(Li)277* 


Since Id is a component of Pj^^k-i ,, 27 ?)^^)’ follows that Wij is a 
component of 

^fc,7?''(Li)2l?*-*(*’^\(7?,...,7?,27?)*'^^' 

Moreover, since Wdj C Zfc^(^^..,_^^ 27 ?)|[o, 7 ?) = ^fc, 7 ?'= I [ 0 , 77)7 if follows that Wij 
is a component of 

(3-219) ^fc,i?'=(*>i) 2 l 7 *-*''’"'\ 7 ?fc('^^' 


By the recursive definition (3.110) of Z**,. ,1 , it follows 

- fc,^fc(*j)2r7 ^ ,k{i,j) 

that 

(3.220) fTii C 

^ — A:,?7'=(*’.’)277 

For Zk, z'^ G IDjj, these correspond to points Zk-i, according to the 
definition of Wij ((3.214) and (3.215)), so that by the definition (3.79) 

of ^k,fi,Zk 7 

(3.221) 

and 

(3.222) 


^fc,77'=(L2l)*-*('\zfc “ ^fc-l,77'=(L2l)*-^-*(*\zfe_i ° 


U. 


fc,77'=(L^*-*('\4 “ ° 


Using this, and (3.213), it follows that for a E J^, 

(3.223) ^fc,77'=(L277*“*^*d2fc('^*:o(®)) ^fc,?7'=(L27?*“*^*\4('^fco(®))' 

Define 


( 3 . 224 ) 


lhj,j7 . ^fc^277*,77*^(Li)277* *=(®ii) (^^®’i) — ^kflrj^' 
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We have shown that Wij has the properties required of each Wi in the 
statement of the lemma. Moreover, since 


(3.225) 

it follows that 

(3.226) 


P 






Consequently, combining these for all i, we have 


(3.227) 






i=l 
Q Qi 


«=i j=i 


We conclude by relabelling the family (Wi,i)i,j as Wi,..., Wq. □ 


3.10. What to do with a partiton of unity. Let (ej)f,^^ be a hnite 
family of positive functions in C(Zfcu D) for some unital C*-algebra 
D, subordinate to the open cover which means that for each i = 
l,...,p, 

(3.228) Ui := {Zkq € Zkq,fi \ ^ii^ko) 7^ 0} G Ukq- 

(We will soon ask that e* is an approximate partition of unity, although 
this is not required yet.) 

By Lemma 3.15 , for each i, we have the decomposition 

(3.229) = 

where, for each j = 1,..., g*, there is k{i,j) G {0,..., /cq} such that the 
open set 

(3.230) hhjj ■= 

is a component of and 

(3.231) Wi-j C Z” 

Dehne 

(3.232) ejj := (e* ° Pkq^fik(i,j)^ko-k(i,j) , G C'o(Wij, 71)+, 

and use this to define a c.p.c. order zero map 


(3.233) —t Akq ® D 
by 

(3.234) 0i,i(^) •“ ® ®ij)- 
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Also, pick some 


(3.235) 



and set 



(the range is correct by (3.231) and Lemma 3.8| (i)). Also set 


(3.237) := - 0 


J=1 j=l 


To save space, let us write to mean {ak ® id/)): Ak ® D ^ 
C(CXfc, and likewise for other maps such as A^, and fik,fi,a,zk- 

Lemma 3.16. Let i = 1,... ,p, j = 1,... ,qi, and k = 0,..., ko. Con¬ 
sider the c.p.c. map ak o o ^ C(CX,, 0 D. 

(i) If k < k{i,j) then 




(3.238) 


(ii) If k = k{i,j) then 



where we canonically identify ® CQ{CXk\[ri,i]i D) (to which the 
right-hand side belongs) with a subalgebra of C{CXk, M^^.) ®D (for 
the left-hand side). 

(Hi) If k > k{i,j) and {xk,t) E Xk x {0,2p) then 


° j)))(Tfc, t) 



(3.240) 




where the sum is over all 


(3.241) 




for which {{xk, Zk-i),t) ^ Wij. 
(iv) If k > k{i,j) then 


(3.242) 

vanishes on CXk\[ 2 ri,i]- 
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Proof. We compute 

( |3.234[ ) \k c /'I ^ 

0, iffc<A:(i,j), 

(3.243)*^^^^ i 






if j), 


where, in the latter case, as in (3.159), we view ^ 

subset of The former case proves (i). Point (iv) 

follows from the latter case and Lemma 13.101 

Picking up in the latter case, for k = k{i,j), we have 

(3,244) ^ n„.,„®ey|cx.|,.„„. 
thus establishing (ii). 

On the other hand, for k > k{i,j) and for {xk,t) E Xk x {0,21]), 


( |3.243| l 
(|3.144|| 


~ /I I 4/ 4.4 

— ji,(j ,-'|(,lmfe(ij) ® 0,jr-|z** -Py^kP) 


2fe-l 

(3.245) ®eij((a;fc,^fc-i),f), 

where the sum is taken over all 


(3.246) 




For Zk-i as in (3.246), by Lemma 3.13 




(3.247) 






where the sum is over all 


Zk 1 ^^k—12rf ??^(?, 4 ) 27 ?* * 1 ^) 


(3.248) 
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For such Zk-i and 

f'i J ( ) ^k—l) I 


(3.1821,(3.1831, 


(3.2321 


(3.249) 


l |3.183|l,l|3.230| l 


^ Pko^'^^ ,rfo ii^k-} 

if {{xk,Zk-i),t) e Wij; 
0, otherwise 

° f^fco,2r)*’0,?7'‘0 ii^ki ,t), 

if {{xk,Zk_i),t) e Wij] 
otherwise, 


0 , 


where we are viewing as a subset of . Putting together 

(3.245), (3.247), and (3.249), and using (3.231), we obtain 




Zk-I 


(3.250) 


^ Pk,fi^,2r]^ ((^fc) '^fc—l)) ^)) 


where the sum is over all 


(3.251) 




for which {{xk, Zk-i),t) G hFi,j. This establishes (hi), in the case k > 
^(bj)- _ 

□ 


In the case k = k{i,j), (iii) follows from (ii) and Lemma 3.13 


Definition 3.17. Let F, A be CL-algebras, with F finite dimensional, 
and let (j): F ^ A be a c.p. map. The map f is (?T, + l)-co/o'nra6Ze if F 
decomposes as a direct sum of subalgebras, F = Fq® ■ ■ -OFn, such that 
0|i7i is orthogonality preserving (i.e. order zero), i = 0,... ,n. Likewise, 
a finite family {ej)j^i of positive contractions is {n + 1) -colourable 
means that we can decompose I = Jq II ■ ■ ■ II such that {ej)j^j^ is a 
pairwise orthogonal family, i = 0,... ,n. 


Lemma 3.18. (i) For each i, the map fi is c.p.c. order zero. 

(ii) If Ci.^ and Cjj are orthogonal, then so are the ranges of fi and 

(j)[. Therefore, if the elements (cj)* are {n + l)-colourable then so also 
is the map f = 4>i,j ■ 

(iii) If {ei)i is an exact partition of unity then Xli jj)) = Is- 
(Hi)' IfYli^i 1 (i.e., {ei)i is an e-approximate partition of 

unity) then Ei,i Is- 

Proof, (i) and (ii): fij is quite clearly a c.p.c. order zero map. To show 
that fi is order zero, it therefore suffices to show that 

(3.252) (lmfc(i,j2)) 
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are orthogonal for ji ^ j 2 - The key fact to be used here is 

(3.253) hhij, n = 0. 

Similarly, for (ii), we need to show that, for all ji, j 2 , 

(3.254) 

are orthogonal, where we can assume that 


(3.255) Wi, n Wi, = 0. 

Thus, (i) and (ii) both reduce to showing that, if 

(3.256) n = 0 

then (;/)jjj^(l) and 4 >i 2 ,j 2 i^) orthogonal, for which it is sufficient to 
show that they have orthogonal images in each irreducible representa¬ 
tion, i.e., that for fc = 0,..., fco and Vk G CXk\{Q,i], the two operators 

(3.257) <TtoAj,(<5i„,.(l))(t,i), s=l,2, 

are orthogonal. 


Three cases naturally arise. 



sets. Since the ranges of §kixk) orthogonal as Zk-i 

varies, it follows that the two elements in 

(iii) follows from (iii)^ which we do presently. 

(hi)': We work again in each irreducible representation, that is, we 
will show that for k = 0,ko and Vk G CXfc|(o,i], 


(3.257) are orthogonal. 


(3.258) 


A^^(0ij(l))(nfe) 


~ 1 




We must break our analysis into two cases. 

(a) Vk G CXk\\ 2 r), i]'- By Lemma 3.16 (i) and (iv), the only contribu¬ 
tion to the sum in (3.258) comes from (i, j), for which k{i,j) = k, and 
then by Lemma [3.16 (ii), we get 


CTfc O A^|j((/>jj(l))(nfc) ^ ^ Imj, ^i,j{Vk) 






(3.259) 


~ 1 
e ■‘■Trifc 


l-D, 
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(by hypothesis). 

(b) Vk = {xk,t) e CXk\( o, 2 , 7 ): By Lemma |3.16| (i), the only contribu¬ 
tions to the sum in (3.258) come from those {i,j) for which k{i,j) > k. 
From Lemma 3.16 (iii) and ( |3.229 ), we derive that 

o Xt^{(pi{l)){xk,t) 

(3.260) = ° 

Zk-l 

where the sum is over all 

(3.261) 

Thus, 

'^(^ko xl^i(i)i,jii)){vk) 


Zk-l e 






- 1,277 ,dk{xk),Zk-l 




*,2fe-l 




- 1 , 277 '“ ^,dk{Xk) 




^fe -1 


(3.262)^“'^ 1 , 

where the approximation to within e is possible since the summands 
are orthogonal. □ 


Recall that the open cover Uk^ depended on open covers Vk of CXk 
which in turn depended on an open set T and a tolerance 5 > 0 , by 
the fact that Ok ° is approximately constant on each set in Vk, 

for a E X. We exploit this relationship in proving the following. 


Lemma 3.19. Suppose that (e*)* is an (n + l)-colourable e-approximate 
partition of unity. Let a E T. Then 

(3.263) ^ cfij o ijjijia) a ® Id- 

hi 

Proof. Let us hrst show that 

(3.264) 0m(1) • (« ® Id) = (a 0 Id) ■ 07,i(l) 4>i,j o i’ijia) 

for every i,j, by showing that this holds in every irreducible represen¬ 
tation. 

To this end, let fc = 0,..., fco, let Vk E CXk\(p^i] and consider images 
under the representation 

(3.265) o ak o Xl^. 

Set 

(3.266) ak:=Xl{a)EAk. 

The analysis divides naturally into three cases. 
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(i) k < In this case, everything in (3.264) is zero in Ak, by 

fi). 


Lemma 3.16 


ii) k = k{i,j): By Lemma 3.16 (ii), 


(3.267) 


o ■ (a 0 lD))(Tfc) 

= ( 1 ^^ 0 eij{vk)) ■ {akiak){vk) 0 1 ^) 

= {o-k{ak){vk) ® eij{vk)) 

= 0 eij{vk) 


(3.2071,(3.2321, 


(3.2351 


l |3.236| l 


<8 eij{Vk)) 

(^ko 


We clearly get the same thing in the second line if we start with the 
expression 


(3.268) ak o Afc^((a 0 Id) ■ (/>ij(l))(nfc), 


and thus we have established (3.264) in this irreducible representation. 

(iii) k > k{i,j): By Lemma 3.16 (iv) and the fact that is or¬ 
der zero, everything in (3.264) is zero in this representation for Vk G 
CXk\i 2 r^^i]. For Vk = {Xk,t) e CXfc|( 0 , 2 r,), note that 


( 3 . 269 ) 


^fc(nfc) (t/c) (ufc—i) • 
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As in Lemma 3.16 (iii), we have 


o Xlo 

i(pi,j{l) ■ {a ® lD))(Tfc) 

l|3.234|l 



■(afc(afc) 0 lD)(Tfc) 

l|3.159|l 



■{ak{ak) ® lD){vk) 

(|3.144||,||3.232ll 




® ■ (f7fc(afc_i) ® lD)(Tfc) 

l|3.269ll 



-i-'“('’"'),4(xfe),2fc i(^) ® ■ {(^k{xk){ak-i) ® Id) 

= 

X] ' ^k{Xk){ak-l)^ 


Zk-1 


®eij{vk) 

(3.270) ^ 



^fc-l 



l|3.79|l 



^k-l 


® eij(nfc) 

(3.2071,(3.2321, 


(3.2351 




^fc-1 


® e^i,j{vk) 

l|3.236ll 





0eij(nfc) 

l|3.144ll 


l|3.159|l 

{(^k o O ® Cij)) (Ufc) 

(3.271)'2^ 



where we have used the fact that the summands are orthogonal to get 
the approximation to within 6. We clearly get the same thing in (3.270) 
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if we start with the expression 


(3.272) ak o ® 1,,) ■ 

and thus we have shown ( 3.264[ ) in this irreducible representation. 

We have hnished establishing (3.264). 

By Lemma 3.18 (ii), we may colour (i.e., partition) the set of all 
indices (z, j) into 

(3.273) Jo n ■ ■ ■ n 4, 
in such a way that for c = 0,..., n, 

(3.274) 

have orthogonal ranges. It follows from (|3.264[) that 


(3.275) 

Therefore, 


0ij(l)(a ® Id) 






a® 1 


D 


Lemma |3.18| 


y^0ij(l)(a(8) Id) 


n 


l|3.275ll 


(3.276) 


as required. 


0M(l)(a®^) 

c=o (j,j)e/c 

n 

c=o (j,j)e/c 


□ 


3.11. Proof of Theorem 3.1 and applications. 


Proof of Theorem 3jJ_. Since A is an NC cell complex, we may assume 
it is Ak^. 

Since Ak^ is locally approximated by Ak^^fn it suffices to show that 

(3.277) dT{Ako,f^ ® Id C Ak^ ® D) <n. 

Let hF C Ak^^^n and let e > 0. Using this hF and 6 := 2 (n+i) ’ the 
open cover Uk^ as in Section 3.9[ By the hypothesis, applied to Z : = 


and by |ini Proposition 3.2], there exists an {n + l)-colourable 
e/2-approximate partition of unity (e*)* in C(Zfcp D) subordinate to 
Uko- Form the c.p.c. maps (fij and fjij as in (3.234), (3.236). By 
(ii), cj) = is (^ + l)-colourable, and by Lemma 


Lemma 
iii 


3.18 


3.18 


', II0II < 1 + e/2. Rescaling, we may arrange that 0 is c.p.c. 
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Finally, by Lemma [3.19[ 

(3.278) ^ (j)ij o ipi^j{a) 

Li 

for all a E □ 

Corollary 3.20 (Theorem [A|. dr A < 2 for any Z-stable, locally sub- 
homogeneous algebra. 

Proof. Since locally subhomogeneous algebras are locally approximated 
by NC cell complexes, and by |10l Proposition 2.6], it suffices to show, 
for any NC cell complex A, that the inclusion 

(3.279) A® Z Zlz P A® Z Z Z 

has decomposition rank at most 2. By approximating, it suffices to 
show this for the inclusion 


(3.280) 


A ® Zp^q ®lz ® A® Zp^q ® Z. 


'P,<1 


Note that A®Zp^q is itself an NC cell complex, so that this inclusion has 
decomposition rank at most 2 follows from Theorem 3.1 and HQ]. □ 


Theorem 3.1 also gives a different proof of the following result, the 
main theorem of [15] . 

Corollary 3.21 ([IS]). diA < n for any separable subhomogeneous 
algebra, provided that for each k, Primfc(7l) has dimension at most n. 


Proof. By Theorem 2.15 , A is locally approximated by NC cell com¬ 
plexes where the cells have dimension at most n. (Note that this does 
not use the result of [IS], since the proof of Theorem 2.15 only uses the 
fact that Primfc(y4) has dimension at most n.) Therefore, by Proposi¬ 


tion 1.6, we may assume that A is such an NC cell complex. 


This means that A has the form given in Section 3^, where dimX* < 
n — 1 for alH = 0 ,..., fc. 


In order to apply Theorem 3.1, we must show that Zk,fj has dimension 
at most n. Evidently, there exists a £nite-to-one continuous map -E 
Xi and so by [121 Theorem 1.12.4], 


(3.281) 


dim.Ykp < dimXj < n 


for every k. Then since Zk^y can be decomposed into a closed set 
homeomorphic to Zk_i^p, an open set homeomorphic to Y^^p x [0,7]), 
and a closed set homeomorphic to CX^, we can show inductively that 


(3.282) 


dim Zk^p < n. 


□ 
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4. Minimal Z-crossed products 

Let us now consider crossed products associated to minimal home- 
omorphisms a: X —)■ X, for compact metrizable spaces X. Using 
C(X) xIq, Z to denote the crossed product, we show the following re¬ 
sult. 


Theorem 4.1. Let X be a compact metrizable space, let a: X ^ X be 
a minimal homeomorphism, and let U be an infinite dimensional UHF 
algebra. Then 

(4.1) (^(X) >4„Z) ® f/ 

is locally subhomogeneous. 

In particular, this result shows that Theorem [A| applies to (C(X) Xq, 
Z) ® U, and then on using [U Lemma 3.1], it follows that (C(X) 


X) ® Z has hnite decomposition rank, as explained in Corollary 4.8 


below. In fact, using the heavy classification machinery of Gong, Lin, 
and Niu ini. Lin has shown that (C(X) x^ Z) (8) ^ is approximately 
subhomogeneous (see Remark 4.9) izu. 

It would be nice to have a direct proof (such as the proof of Theorem 


4.1) that ^-stable (or even all) minimal Z-crossed products are locally 

e X. Let u e C(X) x„ Z 


subhomogeneous, not using lengthy classihcation results. 

and let x 


Let X, a as in Theorem 4.1 


denote the canonical unitary, so that 


(4.2) 

Dehne 


u*fu = foaioT f e C(X) C C(X) x« Z. 


(4.3) A,, := C*(C(X) U MC'o(X\{a:})) C C(X) x« Z. 

This algebra is known to be locally subhomogeneous (in fact, an in¬ 
ductive limit of fairly explicit subhomogeneous algebras), as well as 
simple; these facts are largely due to Q. Lin [23]; see [301 Theorem 4.1] 
for a concise account. Many times has the structure of C(X) x^ Z 
been studied using Ra; [3 El US l22l EOl [32] [SS] El] jS] 03] ! In Lemma 
4.7, below, Berg’s technique is used to show a new link: up to UHF 


stabilization, C(X) x^Z is locally approximated by the direct sum of a 
corner of and a circle-matrix algebra. From this. Theorem 4T will 
immediately follow. First, a few (known) preparatory lemmas. 

In the following, for positive elements a, e, we write a < e to mean 
ea = ae = a. 


Lemma 4.2. Let A be a CL-algebra with stable rank one. Suppose that 
a,b,c G are positive contractions and p G A is a projection such 
that 


(4.4) 


a <\h <\ c and 
[b] < [P] < [c] 
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in the Cuntz semigroup W{A). Then there exists a projection q & A 
such that a <\ q <\ c and [p] = [q]. 

Proof. Using [35l Proposition 2.4], we may replace p by a Murray-von 
Neumann equivalent projection in A fl {1 — c}^. Therefore, without 
loss of generality, p < c. 

Since stable rank one passes to hereditary subalgebras, we may apply 
[351 Proposition 2.4 (iv)] to obtain a unitary u E (A fl {1 — such 
that 


(4.5) uau* G her(p). 

Therefore, q = upu* satishes the conclusion. 


□ 


Lemma 4.3. Let X, a be as in Theorem f.l, let x E X, h E C{X) and 

kEn. 


(i) If h{a \x)) = 0 for i = 0,... ,k — 1 then u^h E A^. 

(ii) If h{a\x)) = 0 for i = 1,... ,k then hu’^ E A^. 


Proof, (i): It suffices to show that u^h is approximately contained 
in Ax. Therefore, perturbing h, we may assume that h is zero in a 
neighbourhood of a~^{x) for each i = 0,...,fc — 1. Then there exists 
e E Uo(df\{a;}) such that 

(4.6) (e o a^)h = h 


for 7 = 0,..., fc — 1. Thus, 

= u^{e o a^~^) ■ • • (e o a)eh 
(4.7) = {ue)^h E Ax. 


(ii): Note that hu^ = {ho a^). In view of this, (ii) follows directly 
from (i). □ 

Lemma 4.4. Let X, a be as in Theorem let X E X, and let U be 
an infinite dimensional UHF algebra. Let Q C C{X) be a finite set, let 
f] > 0, and let k eN. Then there exist m e'N with k < m, a finite set 
PL C C{X), and orthogonal projections 

(4.8) P—ki P—k+l }■■■■) Pm—li Pm ^ Ax ® U Pi PL 

such that: 

(i) G PL; 

(li) l-poE her(Co(d7\{a;})); 

(ill) for] ^ 0, pj E her(C'o(X\{a;})); 

(iv) for j = —k,... ,m — 1, 

(4.9) pj+i = upjU*. 

(v) for f E PL and j = —k,... ,m, there exists \fj E C such that 

(4.10) fpj = Xfjpj; 
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(vi) for f eH and j = 0,..., k, 

(4.11) ^f-j 


Proof. The crux of this argument is the use of Berg’s techniques, in¬ 
spired by the proof of [22l Lemma 4.2], 

Fix a compatible metric d on X and let 5 > 0 be such that, for 
x,y E X, if d{x, y) < S then 

(4.12) |/(a;) -/(i/)| < 7], for all / e 
By minimality, there exists m > k he such that 

(4.13) d{a'^~^{x),a~^{x)) < 6 
for all j = 0,..., k. 

Let 14 be a neighbourhood of x such that 

(4.14) a-\V),a-’^+\V),...,a^{V) 


are disjoint. By possibly shrinking V, each function f E Q can be 
perturbed by at most y to a. function f which is constant on each set 
in (|4.14l). Set 


( 4 . 15 ) 


W ■= {/' I / e S], 


and we see that (i) holds. For f E PL and j = —k, ... ,m, set Xfj equal 
to the complex number satisfying 


(4.16) f\aj{V) = ^f,j- 
It follows from (4.12) and ( |4.13 ) that 

(4.17) \^f-j ~ < V 


for all f E PL, j = 0,..., k, establishing (vi). 

Let fio E Co(14)+ be a function that is constant equal to 1 in a 
neighbourhood of x. Since (A^ ® f/) fl {1 — ho}^ is a non-zero full 
hereditary subalgebra of the UHF-stable, unital algebra Aa, ® U, there 
exists a non-zero projection 

(4.18) Po ^ 0 f/) n {1 - ho}-^. 

Since a is minimal, we may hnd gQ,go E C(X)+ fl {1 — ho}'*' such that 

(4.19) drig'o) < T'ip'o) all r G T{A^), 


go < pg, and go is constantly equal to 1 in a neighbourhood of x. By 
strict comparison, it follows that [pg] < [pg] in the Cuntz semigroup. 


Therefore, by Lemma 4.2, there exists a projection 


(4.20) 
such that 


PoE A^®U 


(4.21) 


Po < Po < ho. 


(We can now forget pg and pg.) 
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For j = —k, ..., m, set 

(4.22) pj := u^PqutK 

Thus, we have dehned projections p_fc ,... ,pm G A® U, and it is 
quite clearly the case that (iii)-(v) hold. From (v), it follows that each 
Pj commutes with 'H. Point (ii) follows since 

(4.23) 0<l-po<l-^?oeC'o(X\{x}). 

The projections are orthogonal by disjointness of {y))j=-k,...,m- 
Let us show that pj & ®U for j = —k, ..., m. For j = 0, this is 
true by our choice of po- 
For j = -fc,..., 0, 


(4.24) 


Pj = u’pqu ^ = {hou ^)*po{hou e Ax®U 


by Lemma 4.3 


11 


j = 1 is a special case; here, we note that since ho — go vanishes 
in a neighbourhood of x, and by (4.21), it follows that there exists 
e G Co(-^\{a^})+ such that Po — go < e. Therefore, 


Pi = upou 

(4.25) = ue{po - go){ue)* + ugou* e A^^U. 

Now, for j = 2,..., m, 

(4.26) Pj = u^~^piu~^^~^'^ = — ho))pi{u^~^{I — ho))* G A^®U 

(i). 


by Lemma 4.3 


□ 


Lemma 4.5. Let A he a C*-algebra. There exists a uniformly contin¬ 
uous map 

(4.27) {v E A\v is a partial isometry and = 0} x [0,1] —)• A 

such that, for each v, the assignment t h-)■ 7(n,t) defines a path of 
projections in CT[v), from vv* to v*v. Also, for any unitary u & A, 


(4.28) 


U'j{v,t)u* = ■j{uvu*,t). 


Proof. Simply set 

(4.29) 7 (n, t) := t^v*v + f(l — t){v -\- v*) + (1 — t)‘^vv*. 


In matrix form, this is 


(4.30) 


/ t^ til-t)\ 
[t{l-t) {1-t)^)- 


The desired properties are easy to verify. 


□ 
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Lemma 4.6. The universal (T-algebra generated by partial isometries 
wi,, Wm such that 

w*Wi = i = 1,..., m - 1, 

w*^Wm = and 

(4.31) w*Wj = t),i^ j 

is isomorphic to C{T)®Mm, via an isomorphism sending Wi to l(8)ei^j+i 
for i = 1,... ,m — l and Wm to z®em,i where z G (^(T), is a generating 
unitary. 


Proof. Let A be the universal C*-algebra generated by the Wi satisfying 
the relations (4.31). It is easy to see that the described map, call it tt, 
is a surjective homomorphism. To see that tt is injective, one derives 
from the relations that 

(i) is a unit for A] 

(ii) u := YZ WiWij^i ■ ■ ■ WmWi ■ ■ ■ Wi_i is a unitary in the centre of 
A, so that under any irreducible representation, the image of u is a 
scalar of modulus 1 ; 

(hi) {wi I i = 0,... ,m — 1} generates a unital copy of in A 
(therefore also in any irreducible representation); and 


IV Wm. = w, 


m—1 


W{U. 


From this, one sees that every irreducible representation of A is 
equivalent to ev,^ o tt for some point z G T, and therefore, tt is in¬ 
jective. □ 


Lemma 4.7. Let X,a be as in Theorem 4-L let x G X, and let U 
be an infinite dimensional UHF algebra. Let C denote the class of all 
CL-algebras of the form 

(4.32) p{A:c®U)p® C{T,Mk), 

where p & A^ ® U is a projection and k eN. 

Then {C{X) xi^ Z) (g) f/ is locally C. 

Proof. This proof uses ideas from m Lemma 4.2]. 

Let X C (C(df) Xq, Z) g) f/ be a hnite subset to be approximated and 
let e > 0 be a specihed tolerance. By approximating within (C(X) Xq, 
Z) g M for some matrix subalgebra M of U, and then observing that it 
suffices to approximate the matrix entries in (C(X) Xq, Z) g (f/ fl M'), 
we see that without loss of generality, X C (C(X) Xq, Z) g lu, which 
we hereby identify with C(X) Xq, Z. Without loss of generality again, 
X = {u} U Q where Q C C(X). 

Let fc G N be such that, for the map 7 defined in Lemma 4.5 (for 
A = (C(X) Xa Z) g U), if \t — t'\ < 1/k then 

(4.33) ||7(r;,f)- 7 (n,t')ll < e/16. 


Apply Lemma 4.4 with rj := e/16, to obtain m. Pi., and p_fc ,... ,pm. G 
Ax®U satisfying the conclusions of that lemma. 
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Note that pm = u'^pou~"^ ^ po in A ^ U. Since the embedding of 
Ax®U in A®U induces an isomorphism between ordered ii'o-gi'oups 
[30l Theorem 4.1 (3)], and since Ax®U has cancellation of projections, 
there exists Vq & A^ such that 


(4.34) 


Po = VqvI and v^Vq = Pm 


For j = /c,..., 1, set 


(4.35) 


Vj := u ^VqU^ = u ^hoVohmU^■ 


By Lemma 4.3 Vj G A. 
(4.36) 


U. Also, an easy calculation yields 
p-j = VjV* and VqVq = Pm-j- 


Using 7 from Lemma PI set 

(4.37) p-j := 'y{vjj/k) G {A^ ®U)n her(p_j +pm-j). 
From the dehnition, 

(4.38) po = po, p_k = Pm-k, 


and for each j = 1,..., /c, 

\\up-jU* -p-j+i\\ = \\u-i{v-j,j/k)u* - 7 (t-j+i, (j - l)/fc)|| 

= \\-i{uv-ju\j/k) - 7(T-i+i, {j - l)/fc)|| 

= Il7(^'-i+l, j 7^) - 7(^'-i+l, (j - 1)A)II 

(4.39) ^ e/16, 

and, therefore, there exists W-j & A®U such that 

(4.40) 

= P-j+i, w_jW*_j = p_j, and \\w_j — p_jU*\\ < e/A. 
For j = 0,..., m — A; — 1, set 


(4.41) Wj : = pjU* & A® U. 

Now, set 

(4.42) C := C*({w;_fc,..., w^_k-i}) ^A^U. 

To complete the proof, we shall show that: 

(i) C'^C(T,MJ; 

(ii) 1(7 G Aa; (g) f/ and therefore 1a®u — ^ ® U] 

(iii) II [Ic,^] II <6/2; 

(iv) J^{Ia®u - Ic) C Aa, ® f/; and 

(v) J^lc ^e /2 C. 

(i) : Lemma 4.6 shows that there is a surjective map from C{T) ® 

to C. Moreover, since ulc has non-zero iFi-class (in lc((C(X) xi^Z) (g) 
U)lc) and is approximately contained in C (as will be shown in (v)), 
Ki{C) 7 ^ 0, and, therefore, this map must be surjective. 

(ii) : We have already seen that p-k,... ,po,Pi, ■ ■ ■ ,Pm-k-i G Aa,. It 
is not hard to see that the sum of these projections is Ic- 
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(iii): For G let / G "H be such that g /. We have 


m—k 


(4.43) 




k m—k—1 

j=0 j=l 


From Lemma 4.4, each pj commutes with /, so that the second term 
vanishes. By Lemma 4.4 (v) and (vi), and since is in the hereditary 
subalgebra generated by p_j + Pm-j, we see that for / G J^', 

(4.44) \\\p_jJ]\\ <2g. 

Also, since + Pm-j commutes with /, \p_j,f] is in the hereditary 
subalgebra generated by p-j + Pm-j, and therefore, the hrst sum in 
(4.43) is orthogonal. Hence, 

ll[lc,/]|| = max\\[p_jj]\\ 

j=0,...,k 


(4.45) 

(4.46) 

and thus ||[lc, 5 f]|| < 4?7 < e/2. 
Next, we compute 


2p, 


l |4.38| l 


ulcu* - Ic 

k m—k—1 

- P-j) + Y ('^Pj'^*~Pj) 

j=0 j=l 

k m—k—1 

Yi^P-jU* - p-j+l) + UpoU* - Pm-k + Y i'^Pj^* ~ Pj) 

j=l j=l 

k m—k—1 

Yiw-j^* - p-j+i) + Y - Pj+i) 

j=l j=0 

k 

YiW-j'^* -P-j+l)- 
j=l 

Note that p-j is in the hereditary subalgebra generated by p_j 
so that by Lemma 4.4 (iv), up^jU* is in the hereditary subalgebra 
generated by p_j+i+pm-j+i, and, therefore, this last sum is orthogonal. 
Consequently, we obtain 

(4.48) llnlcn* — fell = niax \\up-jU* — p-j+i\\ 

j=l,...,k 

e/16, 


g(iv) 


as required. 
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(iv): Since (1 — Ic) ^ U, it follows that Q{1 — Ic) C <^U. 
The non-trivial part is showing m( 1 — Ic) & Ax®U. 


For j = 1,... ,m, since G her(p_j + Pm-j) and by Lemma 4.4 


(iii), we see that p_j G her(Co(X\{a;}). Using this and Lemma 4.4 (ii) 
and (iii), we hnd that 

k m—k—1 

(4.49) 1 - Ic = I - Po a'^P-j + ^ Pj e her(C'o(X\{a:})). 

j=i i=i 

Therefore, for 5 > 0, there exists e G Co(X\{x}) such that 1 — Ic ~5 
e(l — Ic)- Hence, 


(4.50) 


u{l - Ic) ue{l - Ic) e A^®U. 


Since 5 is arbitrary, u{l — Ic) E A^ U as required. 

(v): For G let / G "H be such that g /. We shall show that 


(4.51) 


k m—k—1 

^Ic ^fdPj- 

j=l j=0 


Of course, it suffices to show this with / in place of g and g in place of 
e/2 (since g < e/2). 

We have 


m—k—1 


[Yl + Y 

= 1 j=0 y 

k m—k—1 

- h-i)p-i + Y 1 (s-^i.i)Pi 


(4.52) 


Lemma|4.4| (v) 


k 

i=i 


j=0 


Since p-j G her(p_j +pm-j), by Lemma 4.4 (v) and (vi), 

(4-53) \\{f - Xf^_j)p_j\\ < g. 

Moreover since / commutes with + Pm-j, it follows that (/ — 
\f-j)p-j G her(p_j +Pm-j)-i whence the sum in (4.52) is an orthogonal 
sum, so that 

( k m—k—1 

E 4 " ^f,jPj 

j=l j=0 

= .max ||(/-A/,_j)p_j|| 

< g. 


(4.54) 
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Finally, we have 

(4.55) ||m1c - {w*_k + ■ • ■ + II 

II (np-fc - w*_k) + ■ ■ ■ + (np-i - wli) 


< 


(up-j 

j even 


W 


- 3 > 


Y 

j odd 


W 


-3> 


Now, note that +Pm-j+i (respectively, p_j+pm-j) acts as the nnit 
on up-j — w*_j on the left (respectively, right). Therefore, we can see 
that each of the two sums in the last inequality above is an orthogonal 
sum, and we continue. 


||nl 


c 


{w*_k H-h W*^_k_i) 


< 2 max \\{up-k — w*_k) 


(4.56) 

as required. 


V e/2, 


□ 


Proof of Theorem 4J_' In the context of Lemma 4T, is locally sub- 
homogeneous, and therefore so also is any unital corner of (any 
subhomogeneous approximation that approximately contains a projec¬ 
tion p will exactly contain a projection p' which is near to p). Thus, it 
follows from Lemma 4.7 that (C(X) Z) 0 7/ is locally subhomoge¬ 


neous. 


□ 


Corollary 4.8. Let X he an infinite compact metrizable space, let 
a\ X X he a minimal homeomorphism, and let U he an infinite 
dimensional UHF algebra. Then 

(4.57) dr((C'(X) x„Z) 0 77) < 2 and 

(4.58) dr((C'(X) x«Z) 0 0) < 5. 

In particular, if a has mean dimension zero then dr(77(X) Z) < 5. 


Remark 4.9. In fact, in [HI Corollary 5.3], Lin has very recently proven 
that when a: X —)■ X is a minimal homeomorphism (with X inhnite), 
(C(X) Xq Z) 0 0 belongs to the class of C*-algebras classihed in [TTl 
Theorem 29.4]. Combined with the range of invariant result [m The¬ 
orem 13.41], it follows that (C(X) Xq Z) 0 0 is approximately subho¬ 
mogeneous and has decomposition rank at most two. 

Lin’s proof uses the present corollary, and thus relies on Theorem 
(specihcally, that a UHF-stabilization of C(X) Xq, Z has hnite nuclear 
dimension—which is weaker than hnite decomposition rank). (Thus, 
Lin’s proof uses Theorem P]— and therefore also Theorem [B]— , as well 
as Theorem 4.1, of the present paper.) 


Proof. The hrst inequality follows directly from Theorems Hr] and 0 
upon noting that U is itself 0-stable. For the second inequality, note 
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that by [361 Theorem 3.4], (C(X) Xq, Z) 0 is an inductive limit of 
copies of the C*-algebra 

(4.59) (C(^) Xq, Z) 0^2°°,3°°) 

which is a continuous held over [0,1], whose hbres are each equal to 
C(X) XaZ0f/ for a UHF algebra U. Therefore, the second line follows 
from the hrst line and jH Lemma 3.1]. The last statement follows from 
the main result of [9], which is that when a has mean dimension zero, 
the crossed product is Z-stable. □ 
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